


Relativistic Numerical Hydrodynamics

This book presents an overview of the computational framework in which calculations of
relativistic hydrodynamics have been developed. It summarizes the jargon and meth-
ods used in the field, and provides illustrative applications to real physical systems.
The authors explain how to break down the complexities of Einstein’s equations and
fluid dynamics, stressing the viability of the Euler–Lagrange approach to astrophysical
problems. The book contains techniques and algorithms enabling one to build computer
simulations of relativistic fluid problems for various astrophysical systems in one, two,
and three dimensions. It also shows the reader how to test relativistic hydrodynamics
codes.

Suitable for use as a textbook for graduate courses on astrophysical hydrodynamics
and relativistic astrophysics, this book also provides a valuable reference for researchers
already working in the field.
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Preface

We are convinced of a genuine need for a monograph describing the many
facets and new developments in numerical relativistic hydrodynamics.
Such calculations are crucial to several areas of current research in the
physics of stellar collapse, supernovae, and black hole formation, as well
as the merging of the final orbits of coalescing binary neutron stars. Both
problems are only now entering the level of sophistication where three-
dimensional relativistic hydrodynamics simulations are both possible and
necessary. In the former problem such calculations are crucial to under-
stand the explosion mechanism. In the latter problem, a great deal of in-
terest in such calculations has recently been inspired by the development
of next-generation gravity wave detectors to search for such events, and
as a possible explanation of the physics underlying observed astrophysical
γ-ray bursts.

The field of numerical relativistic hydrodynamics has developed over the
past 30 years, but there has not been written a technical text explaining
the many techniques relevant to this discipline, many of which are much
different than standard general relativity textbook approaches. This book
will present such a review of techniques for numerical general relativistic
hydrodynamics developed by one of the pioneers of this field over the past
three decades.

We begin by developing the equations and differencing schemes for spe-
cial relativistic hydrodynamics as an introduction to the metric formula-
tion of the problems. Here, the basic numerical techniques and a number
of test problems and applications will be discussed.

Following this, the formalism for matter flows in the curved spacetime of
general relativity will be presented in the usual (3+1) formalism. With the
techniques established, the next chapter will then summarize cosmological
applications in one spatial dimension. This will also lead naturally to

xiii
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Preface xv

a discussion of core-collapse supernovae in spherical symmetry including
the many physical complexities due to neutrino interactions and a large
range of dynamic timescales.

Next we will describe some important axisymmetric problems such as
stellar and black hole rotation, accretion and the head-on collision of two
neutron stars. This topic also naturally leads to a discussion of magneto-
hydrodynamics and its applications to axisymmetric problems.

The book then finally discusses an application in three spatial dimen-
sions: the hydrodynamics of orbiting neutron stars. This chapter focuses
on the development of the conformally flat approximation and techniques
for analyzing the gravitational radiation generated by stellar collapse and
binary mergers.

This book would best be described as a monograph. That is, it is a sum-
mary by experts in the field written for others at a similar level. Never-
theless, enough introductory material has been included that a graduate
student or nonexpert can become familiar with the concepts without ad-
ditional resource material. The main point of this book is to provide a
summary of results and techniques for both the expert and nonexpert in
one complete text. Some of this material has never been published and
only exists in private notes. Most of the available material only exists in
a number of journal publications and/or obscure conference proceedings,
many of which are no longer in print.

The work described herein is of course the result of the efforts of many
knowledgeable collaborators. We would particularly like to acknowledge
the important contributions to the general relativistic hydrodynamics
work discussed herein from Joan Centrella, Sam Dalhed, Steven Detweiler,
Peter Dykema, Charles Evans, Chris Fragile, Hannu Kurki-Suonio, James
LeBlanc, Pedro Marronetti, Richard Matzner, Ronald Mayle, Thomas
McAbee, Jay Salmonson, and Larry Smarr. We would also like to ac-
knowledge useful input from Peter Anninos and Dinshaw Balsara, along
with help from Heidi Grantham in the preparation of some of the figures.
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1
Introduction

Relativistic numerical hydrodynamics is currently a field of intense
interest. On the one hand, the development of next-generation laser
interferometric and cryogenic gravity wave detectors is opening a new win-
dow of astronomy, one which will peer into a world of multidimensional
rapidly varying matter and gravity fields such as occur in and around
neutron stars, black holes, supernovae, compact binary systems, dense
clusters, collapsing stars, the early universe, etc. At the same time, X-ray
and γ-ray observatories are providing (or will soon provide) a wealth of
data on the evolution of matter in and around X-ray and γ-ray emitting
compact objects such as accreting black holes and neutron stars. Such
systems can only be realistically analyzed by a detailed numerical study
of the spacetime and matter fields.

A quantitative understanding of these systems as well as a host of other
astrophysical phenomena such as stellar collapse leading to supernovae,
the evolution of massive stars, and the origin of γ-ray bursts, the origin
and evolution of relativistic jets, all require multidimensional complex
relativistic numerical simulations in three spatial dimensions. Since an-
alytic and post-Newtonian methods are only applicable for systems of
special symmetry and/or relatively weak fields, numerical relativistic
hydrodynamics is the only viable method to model such highly dynamical
asymmetrical strong field systems.

The technology for observing such energetic astrophysical phenomena
has developed in concert with the development of high speed computing.
Hence, it is perhaps no accident that the requirement for next-generation
multi-dimensional relativistic hydrodynamics modeling is occurring at a
time when computers are just now approaching the speed and memory
capability needed to explore such systems. For these reasons, it is expected

1



2 1 Introduction

that there will be much research in relativistic numerical hydrodynamics
calculations in the coming years, hence the need for a book reviewing the
development of the subject.

The textbooks from which most of us learn general relativity usu-
ally emphasize a number of analytic solutions of some special cases, like
that of an isotropic Schwarzschild or Friedmann metric. Indeed, one is
hard pressed to think of a problem in relativity which can still be ad-
dressed with paper and pencil. The remaining real-world applications in
astrophysics and cosmology cannot be seriously studied analytically, nor
can one ignore the hydrodynamic evolution of the matter fields. Such
systems must be studied numerically. Indeed, the solution of numerical
problems often requires one to abandon some or all aspects of Newtonian
or even post-Newtonian intuition. Our goal here will be to provide an
overview of the computational framework in which such calculations have
been done, along with illustrative applications to real physical systems.

This book does not, however, attempt to give a comprehensive overview
of how to do numerical relativistic hydrodynamics calculations. It is rather
a compilation of those projects with which one or both of the authors
have had some involvement. An attempt at a comprehensive overview of
a field in which there have been so many significant contributors would
be difficult. Hence, although we shall refer here to a number of other
works in the field, this text will for the most part only summarize the
contributions of the authors and collaborators. These are the works with
which we are most familiar. Nevertheless, in the process of reading this
text, it is hoped that the reader will gain some understanding of the
development of relativistic hydrodynamics which has occurred over the
past 30 years.

In what follows we will assume that the reader has some familiarity with
basic concepts in special and general relativity. We only provide enough
introductory material so that the relativistic field and matter equations
can be introduced in a context which is most easily applied to numerical
problems, and not in the way they might be introduced in an introductory
text in either relativity or hydrodynamics alone.

1.1 Notation and convention

As with any other intensely mathematical subject, a text on numerical
relativity should contain a concise summary of notation and convention
in one location. Hence, we begin with an overview of the notation and
conventions which we have attempted to maintain throughout the book.
By and large, these are the conventions widely adopted in the field, and
as such, comprise useful introductory material.
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In what follows we use the usual convention of Greek indices to denote
components of four-dimensional spacetime (µ = 0, 1, 2, 3). When referring
to a specific coordinate system they will be identified according to normal
convention (e.g. µ = t, x, y, z for Cartesian coordinates). We use Latin
characters, i, j, k, . . . to denote spatial indices. Partial differentiation will
be denoted in both the explicit and abbreviated form, e.g.

∂

∂xµ
= ∂µ. (1.1)

Partial differentiation along the time coordinate will also frequently be
denoted by the familiar “dot” notation,

∂A

∂t
=

∂A

∂x0
= Ȧ. (1.2)

We will also make use of geometrized units, c = G = 1. For convenience,
Table 1.1 gives conversions from cgs units to geometrized units for various
parameters in use in this text.

1.2 General relativity

A brief summary of general relativity is a necessary starting point
for introducing concepts and notation to be encountered in subsequent
chapters. General relativity derives from the principle of equivalence
which asserts that at every spacetime point we can choose a coordinate
system such that the laws of physics have the same form as they would in
the absence of a gravitational field. This principle has led to the Einstein
field equations which relate the curvature of spacetime to the distribution
of mass–energy,

Gµν = 8πTµν , (1.3)

where Tµν is the energy momentum (or stress energy) tensor.
The Einstein tensor Gµν can be written in terms of the Ricci tensor

Rµν , metric tensor gµν , and Ricci scalar R,

Gµν = Rµν − 1
2
gµνR, (1.4)

where the Ricci tensor is a contraction of the Reimann tensor

Rµν = Rλ
µλν , (1.5)

and
R = gµνRµν . (1.6)



Table 1.1 Conversion from cgs units to geometrized units

Quantity cgs units Geometrized units

Length l (cm) (cm)
Time t (s) ct = 2.99792458 × 1010 × t (cm)
Velocity V (cm s−1) v/c = v/2.99792458 × 1010 (dimensionless)
Mass m (g) Gm/c2 = 7.42426 × 10−29 ×m (cm)
Energy e (erg) Ge/c4 = 8.26060 × 10−50 × e (cm)
Internal energy ε (erg g−1) ε/c2 = 1.11265 × 10−21 × ε (dimensionless)
Mass density ρ (g cm−3) Gρ/c2 = 7.42426 × 10−29 × ρ (cm−2)
Energy density ρε (erg cm−3) Gρε/c4 = 8.26060 × 10−50 × ρε (cm−2)
Pressure P (dyn cm−2) GP/c4 = 8.26060 × 10−50 × P (cm−2)
Temperature T (K) GkT/c4 = 8.26060 × 10−50 × kT (cm)
Entropy S/k (dimensionless) S/k (dimensionless)
Angular momentum J (g cm2 s−1) GJ/c3 = 2.47647 × 10−39J (cm2)
Angular frequency ω (rad s−1) ω/c = 3.33564 × 10−11ω (cm−1)
Luminosity L (erg s−1) GL/c5 = 2.75544 × 10−60L (dimensionless)

Solar mass M� = 1.989 × 1033 g GM�/c2 = 1.477 km
Solar luminosity L� = 3.826 × 1033 erg s−1 GL�/c5 = 1.054 × 10−26 (dimensionless)
Nuclear density ρN = 2.67 × 1014 g cm−3 GρN/c2 = 1.98 × 10−14 (cm−2)
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Here, the Riemann–Christoffel curvature tensor Rσ
µκν is

Rσ
µκν = ∂κΓσ

µν − ∂νΓσ
µκ + Γσ

ηκΓη
µν − Γσ

ηνΓη
µκ, (1.7)

where the Christoffel symbols, Γα
µν , relate directly to the metric tensor.

For the usual case of a coordinate system in which the basis vectors com-
mute we have,

Γα
µν =

1
2
gαβ

{
∂gβµ
∂xν

+
∂gβν
∂xµ

− ∂gµν
∂xβ

}
. (1.8)

1.2.1 Metric tensor

From Eqs. (1.4)–(1.8) we see that the geometry of spacetime is specified
once the metric gµν and its derivatives are given. The generalization from
special relativity to general relativity is then simply the generalization
from a Euclidean flat space metric tensor to a curved space metric. As in
special relativity, the infinitesimal proper interval between two events in
spacetime is denoted

ds2 = gµνdx
µdxν . (1.9)

Now however, gµν can no longer be described by a simple Minkowski
metric, but instead involves curvature. In this book we will consistently
use the Misner, Thorne and Wheeler [13] sign conventions whereby the
Einstein equation and the Riemann tensor have a positive sign as written
above and gµν is space like, e.g. in flat space,

gflatµν = ηµν =

⎛
⎜⎜⎝
−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

⎞
⎟⎟⎠ . (1.10)

1.2.2 Energy momentum tensor

The other side of the Einstein equation (1.3), and the part of most interest
for relativistic hydrodynamics, is of course the stress energy tensor, Tµν .
In a frame of reference in which a perfect fluid is in motion with respect
to an observer, the energy momentum tensor is written most generally as

Tµν = (ρ + ρε + P )UµUν + Pgµν , (1.11)

where ρ is the local baryon rest-mass energy density. ρ is related to the
baryon number density nb

ρ = m0nb, (1.12)
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where m0 is the baryon rest mass appropriate to the matter composition.
The quantity ε contains all information about the net internal energy
per unit mass of the baryons. It can be less than zero, for example for a
nondegenerate gas of bound nuclei. The quantity P in Eq. (1.11) is the
pressure, and Uµ is the covariant four-velocity. In a reference frame that
is at rest and locally Lorentzian, the stress energy tensor for an isotropic
perfect fluid can be written in a familiar form,

Tµν =

⎛
⎜⎜⎝
ρ(1 + ε) 0 0 0

0 P 0 0
0 0 P 0
0 0 0 P

⎞
⎟⎟⎠ . (1.13)

However, this form is not particularly useful for hydrodynamic simulations
with nontrivial fluid motion. In what follows we will deal almost exclu-
sively with Eq. (1.11), correcting for imperfect fluids and other fields (e.g.
electromagnetic) where appropriate.

1.2.3 Covariant differentiation

Equations of motion in general relativity require the introduction of
covariant differentiation. We use the notation Aµ

;ν or DνA
µ to denote

covariant differentiation of a contravariant vector Aµ,

DνA
µ = Aµ

;ν =
∂Aµ

∂xν
+ Γµ

νλA
λ. (1.14)

Similarly, the covariant derivative of a covariant vector is

Aµ;ν =
∂Aµ

∂xν
− Γλ

µνAλ. (1.15)

In what follows we will also introduce covariant differentiation in the
ADM three-space (cf. Section 1.3). This we denote:

DiA
j =

∂Ai

∂xj
+ Γi

jkA
k, (1.16)

where Γi
jk now denotes connection coefficients for the three-dimensional

ADM hypersurface [22].

Γi
jk =

1
2
γil

{
∂γlj
∂xk

+
∂γlk
∂xj

− ∂γjk
∂xl

}

+
1
2

(
γilγkmCm

lj + γilγjmCm
lk − Ci

jk

)
, (1.17)
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where the Ci
jk enter when the basis vectors of the three-space (denoted ei)

do not commute, [ei, ej ] = ekC
k
ij �= 0. For most applications, the simpli-

fications embodied in commuting coordinates are desirable so that we can
take Ck

ij = 0 and the three-space connection coefficient simply becomes
the usual Christoffel symbol defined in terms of γij .

The covariant derivative of a scalar α is just the ordinary gradient

α;µ =
∂α

∂xµ
. (1.18)

The generalization of covariant differentiation to tensors of higher rank
is straightforward. For each contravariant index µ a term with Γµ

νλ times
the tensor is added, but with µ in the tensor replaced by λ. For each
covariant index ν one subtracts a term with Γκ

νλ times the tensor with ν
replaced with κ. For example,

DρT
µ
ν = Tµ

ν;ρ =
∂Tµ

ν

∂xρ
+ Γµ

ρλT
λ
ν − Γκ

νρT
µ
κ. (1.19)

A particularly useful operation when deriving the hydrodynamic equa-
tions of motion is the covariant divergence. For a vector this simplifies to

V µ
;µ =

1√
g

∂

∂xµ

(√
gV µ

)
. (1.20)

For a tensor it simplifies to

Tµν
;µ =

1√
g

∂

∂xµ

(√
gTµν

)
+ Γλ

µνT
µν , (1.21)

where g is the negative of the determinant of the metric tensor

g ≡ −det (gµν). (1.22)

The above relations extend trivially to covariant differentiation in the
ADM three-space by simply writing them in terms of spatial indices. In
what follows, we will usually denote the determinant of the three-metric
by

γ2 ≡ det (γij). (1.23)

1.2.4 Bianchi identities

The Riemann curvature tensor obeys some special symmetries known as
the Bianchi identities,

Rλµνκ;η + Rλµην;κ + Rλµκη;ν = 0. (1.24)
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The contracted form of this equation implies [19] that the covariant
divergence of the Einstein tensor also vanishes

Gµν
;ν = 0. (1.25)

This, together with the Einstein equation (1.3), immediately implies,

Tµν
;ν = 0, (1.26)

from which the fluid equations of motion will be derived in subsequent
chapters.

In principle this is all we need to describe any system. The problem,
however, is that the Einstein equations as they stand are too general.
What is needed is a reduction of the Einstein equations to a form suitable
for evolving in time. This we now describe.

1.3 (3+1) or ADM formalism

In general relativity and special relativity the distinction between spatial
three dimensions and the time dimension becomes obscure. Indeed, it is an
intriguing and beautiful aspect of relativity that what one means by time
and space depends upon which observer is making the determination.
However, in spite of this ambiguity, one wishes to have a method to
describe a system which is “evolving in time,” as this is the way we
perceive events in Nature.

A way to approach this problem which nearly aligns with Newtonian
intuition is to construct successive “snapshots” or “time slices” of the
spatial (curved) three-space geometry along a sequence of steps in a time-
like coordinate t. That is, spacetime is sliced (or foliated) into a one-
parameter family of hypersurfaces separated by differential displacements
in coordinate time t.

Indeed, there are many ways in which one could follow a time-like di-
mension and watch events unfold in spacetime. However, the one which
most nearly aligns with Newtonian intuition (and one which is usually
amenable to numerical methods) is the ADM (after its inventors Arnowitt,
Deser and Misner [3]) or (3 + 1) formalism [13].

In this approach, the time evolution of the metric is expressed as first-
order time derivatives, while Gµν contains second-order time derivatives.
The time-like coordinate is chosen along a normal to the space-like
hypersurfaces. Figure 1.1 shows a two-dimensional spacetime depiction
of one way to do this division. That is, space and time are placed on
separate footings by first specifying the proper time interval �dτ between
the lower and upper hypersurfaces along the direction of the normal �n to
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t+dt
xy

βdt

t
x

αdt n
(−α2+β2)1/2 dt

Fig. 1.1. Schematic depiction of the ADM metric.

xy

x

Space

t

Eulerian
observer

Coordinate
observerFluid

observer

t+dt

t

Fig. 1.2. Schematic depiction of observer frames in the ADM metric.

the spatial hypersurfaces,

�dτ = dt�n. (1.27)

We call an observer in this frame, the Eulerian observer as depicted in
Figure 1.2.

1.3.1 Eulerian observer

An Eulerian observer moves through spacetime in a direction orthogonal
to all spacetime vectors confined to the spatial hypersurfaces. This frame
does not necessarily move along a force-free trajectory or geodesic in
spacetime. Since the Eulerian frame is defined independently of the
coordinates chosen, it is a good frame in which to measure physi-
cal quantities such as fluid velocity, neutrino energy, etc. The Einstein
equations are solved in this Eulerian frame by projecting them onto the
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the unit normal to the time slices nµ. To Eulerian observers, the perfect-
fluid ADM stress energy tensor then appears to be an imperfect fluid with
the following components:

Tµν = dnµnν + sµnν + nµsν + Sµν , (1.28)

where
ρH ≡ nµnνTµν , (1.29)

sµ ≡ nδhβµTβδ, (1.30)

Sµν = hδµh
β
νTδβ . (1.31)

Here, hνµ is a projection operator onto the three-slices and is written in
terms of the time-like unit normal (Eqs. (1.44), (1.45)),

hνµ ≡ δνµ + nµn
ν . (1.32)

The quantity ρH is called the Hamiltonian density. It is an ADM matter
density related to hydrodynamic variables as

ρH = ρhW 2 − P, (1.33)

where ρ is the baryon rest mass energy, Eq. (1.12). The quantity h is
called the specific enthalpy. Written in terms of the internal energy per
gram of material ε and the pressure P it is

h ≡ 1 + ε + P/ρ. (1.34)

The quantity W ≡ αU t is a generalized Lorentz factor described below.
The quantity sµ is the ADM momentum density. In covariant form

its spatial components are equivalent to the spatial components of the
relativistic four-momentum density Sµ ≡ ρhWUµ,

si = Si = ρhWUi. (1.35)

The space–space component of Sµν is called the spatial stress. For a
perfect-fluid stress energy tensor, the spatial stress reduces to

Sij = Pγij + ρhUiUj = Pγij +
SiSj

ρhW 2
. (1.36)
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1.3.2 Coordinate observer

Next, one must also have a description of proper spatial distance dl2

between one point and another within the three-space, i.e.

dl2 = γijdx
idxj , (1.37)

where γij is now the metric of the spatial three-geometry. An observer at
rest in the coordinates of the spatial hypersurfaces we will refer to as the
coordinate observer as depicted in Figure 1.2. The coordinate observer
moves through the spacetime in a direction such that the spatial coordi-
nates xi on slice t are equal to the space coordinates of his location at time
t+dt. In the ADM formalism, one has a freedom to choose where those co-
ordinates connect to the next spatial hypersurface. That is, there is a shift
�β of spatial coordinates from one three-space to the next. Denoting the
coordinate as yi the point where the normal to the hypersurface (Eulerian
observer) connects with the next slice (cf. Figure 1.2), we have

xi(t) = xi(t + dt) = yi + βidt, (1.38)

as noted on Figure 1.1. The length of the spacetime vector stretching from
the coordinate observer’s position at time t to that at time t+ dt is then
that denoted by the observer’s watch,

ds2
CO = (−α2 + βiβ

i)dt2, (1.39)

so that the lapse of proper time on a clock moving in the coordinate
observer’s frame is then given by

τ =
√
α2 − β2dt. (1.40)

1.3.3 ADM metric

With these three ingredients, the proper spacetime interval between any
two points in the four-space can be written,

ds2 = −(α2 − βiβ
i)dt2 + 2βidxidt + γijdx

idxj . (1.41)

The ADM metric tensor can then be written

gµν =
(

(βlβl − α2) βj
βi γij

)
. (1.42)

The contravariant form for the metric then becomes,

gµν =

(
− 1

α2
βi

α2

βj

α2 γij − βiβj

α2

)
. (1.43)
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The time-like normal vector to the three-space can thus be written,

nµ = (−α, 0, 0, 0), (1.44)

nµ =
(

1
α
,−βi

α

)
, (1.45)

where we have
nµnµ = −1. (1.46)

With this splitting of the metric we can think of the three-space
represented by γij as surfaces or slices which evolve in coordinate “time”
as depicted in Figure 1.1.

1.3.4 Fluid observer

Before leaving this discussion on the ADM metric and observer frames
it is useful to define one more frame, that of the fluid observer. The
fluid observer (or Lagrangian observer) rides along with the fluid. This
is the frame in which to measure the fluid rest-mass density and tem-
perature, etc. without the complications induced by moving coordinates
(e.g. different temperatures in different directions). The fluid four-velocity
will be denoted as Uµ and is defined relative to the Eulerian frame. The
four-velocity satisfies the condition,

UµUµ = −1. (1.47)

In this formalism we define the matter spatial three-velocity

V µ ≡ Uµ

U t
= (1, V i), (1.48)

and introduce a Lorentz-like scalar,

W ≡ −nµU
µ = αU t. (1.49)

It follows from UµU
µ = −1 that,

W 2 = 1 + γijUiUj = 1 + γijU
iU j =

1
1 − γijV iV j/α2

. (1.50)

The quantity W is then the general relativistic analog of the special
relativistic “gamma” factor that the Eulerian observer would assign to
matter moving in the fluid frame. The vector V i is the curved spacetime
generalization of the flat space special relativistic three-velocity.
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1.3.5 Field equations in (3+1) formalism

In writing the ADM metric we are free to impose some functional
constraints on α and �β and/or γij as described below. Their choice
represents a choice of coordinates referred to as a gauge choice. We apply
specific gauge choices and derive the resultant ADM equations in
subsequent chapters. Here we give the field equations in general form
and summarize some of the common gauge choices.

The application of the ADM metric (1.41) to the Einstein equation
(1.3) leads to a set of dynamic and constraint equations for the metric
components. As we shall see, this is somewhat analogous to Maxwell’s
equations in classical electrodynamics.

Dynamic equations. The dynamic equations come from the Gtµ part of
the Einstein equation (1.3). The evolution of the three-metric γij is given
by

γ̇ij = −2αKij + Diβj + Djβi, (1.51)

where Kij is the conjugate variable to the three-metric. It is called the
extrinsic curvature. Recall that our slices involve infinitesimal coordinate
transformations along the normal vector nµ. In general, the effect of an
infinitesimal coordinate transformation on any tensor is that the new
tensor equals the old tensor at the same coordinate point plus the Lie
derivative of the tensor. Thus, Kij is defined as the Lie derivative of γij
along the vector nµ. The effect of a Lie derivative on a tensor Tµν along
a vector field vλ is,

Lv = vλTµν ;λ + T λ
µvλ ;ν + T λ

νvλ ;µ. (1.52)

Thus, Kij is defined from the Lie derivative of γij along the vector nµ. It
represents a motion of the three-metric,

Kij = −1
2
Lnγij , (1.53)

where,

Lnγij =
(

1
α

∂

∂t
+ Lβ

)
γij . (1.54)

This is how the β terms enter into Eq. (1.51). The extrinsic curvature
can also be thought of as describing the distortion of a curve when pass-
ing from one coordinate time slice to the next [13, 22].The derivation of
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the dynamic equation for Kij is straightforward but tedious [8, 13, 22].
The result is,

K̇ij =−DiDjα + α

[
Rij − 2KilK

l
j + KKij − 8πSij − 4πγij

(
ρH − S

)]

+βlDlKij + KilDjβ
l + KljDiβ

l, (1.55)

where Rij is the Ricci tensor (1.5).
The quantity S in Eq. (1.55) is the trace of the spatial stress,

S ≡ tr(Sij) = Si
i = 3P + ρh(W 2 − 1). (1.56)

Similarly, K is the trace of the extrinsic curvature,

K ≡ tr(Kij) = Ki
i. (1.57)

From the trace of Eq. (1.55) we have the following dynamic equation
for K,

K̇ = −DiD
iα + α

[
R + K2

]
+ 4πα[S − 3ρH ] + βlDlK. (1.58)

The Einstein equations are second order in time and space derivatives.
The (3+1) decomposition above has reduced the time evolution equations
to just two first-order equations in time. Nevertheless, their solution is
exceedingly difficult and there exist inherent nonlinearities in the dynamic
equations [1, 2] that have slowed application of this formalism in three
spatial dimensions (although there has been considerable recent progress
[7]). Recently proposed reformulations of the problem in terms of aux-
iliary variables and/or hyperbolic equations show some promise [4, 14]
(see Chapter 7). A discussion of this method is beyond the scope of the
present text, however, and will not be considered further here.

1.3.6 Constraint equations

The constraint equations come from projecting the Einstein equation (1.3)
along nµ [23]. This results in the Hamiltonian constraint

Gµνn
µnν =

1
2

(
R + K2 −KijK

ij
)

= 8πρH , (1.59)

and the momentum constraint

−(δiµ + ninµ)Gµ
νn

ν = Dj(Kij − γijK) = 8πsi. (1.60)
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where si is the ADM contravariant three-momentum density (Eq. (1.30)).
It is important to keep the distinction in mind [9, 11] between this quantity
and the spatial components of the four-momentum which we will solve for
in the hydrodynamic equations. In contravariant form the two quantities
are not the same.

We can now see the analogy between the ADM formulation of gravity
and Maxwell’s electromagnetism. Both the ADM and Maxwell’s equations
can be written as two constraint equations plus two dynamic equations. In
electromagnetism the constraint equations for electric and magnetic fields
are embodied in the ∇ ·E and ∇ ·B equations, while the dynamic equa-
tions are contained in Ampère’s law and Faraday’s law. In relativity the
analogous constraint equations are the ADM momentum and Hamiltonian
constraints. The dynamic equations are the ADM K̇ij and γ̇ij equations.
In either electromagnetism or gravity, any field configuration which satis-
fies the constraint equations alone represents a valid solution. The solution
of the ADM equations consists of first finding such a solution to the con-
straint equations (known as the initial value problem) and then evolving
the dynamic equations. A numerical solution to the dynamic equations
should preserve the constraints.

1.3.7 Solving the ADM equations

Note that we have ten functions which must be solved to describe the
metric. They are α, the three βi, and the six independent components
of γij . To derive these we have the ten ADM equations. These are
the Hamiltonian constraint plus the three momentum constraint equa-
tions as well as the six independent components of the γ̇ij and/or K̇ij

equations.
We have a freedom to choose coordinates which is a freedom to impose

four functional relations amongst the metric functions. In the (3+1) for-
malism this is usually done by choosing the four functions α and βi by
some prescription, although one can also specify restrictions on the three-
metric γij . In whatever form these four relations are chosen, they are the
gauge choices. Some examples of various gauges are given below and in
subsequent chapters. As we shall see, the art of solving relativistic hydro-
dynamics often involves the art of choosing the best gauge.

Given the four functional relations of the gauge choice, α and βi are
solved along with the evolution of the γ̇ij or K̇ij equations subject to the
four constraint equations. Two degrees of freedom are then left. They can
be thought of as representing the two polarizations of a gravity wave.

There is, however, no simple way to avoid the problem of evolving γij
and/or Kij numerically, while also satisfying the constraint equations.
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Three different approaches to that problem in particular have been
proposed. They are as follows.

Solution I – initial value plus evolution. In this method one begins by
finding an initial metric such that the constraint equations are satisfied
(at least at the numerical level). Then the γ̇ij and/or K̇ij equations (1.51),
(1.55) are explicitly evolved in time. As the calculation proceeds one can
check to see how well the constraint equations remain satisfied by evalu-
ating the Hamiltonian error,

EH =
∫ |2ρH −R−K2 −KijK

ij |dV∫
2ρHdV

, (1.61)

and the momentum constraint error,

EM =

∫ (
Si −Dj(Kij − γijK)

)(
(Si −Dj(Kij − γijK)

)
dV∫

SiSidV
. (1.62)

When EH and/or EM become too large (say a few percent), give up. This
is analogous to the hydrodynamics calculations described in subsequent
chapters where the total energy is evaluated at various times. When total
energy nonconservation becomes too large one no longer has confidence
in the results.

Solution II – mixed scheme. In this scheme constraint equations are
solved at each time step for a subset of the functions γij and/or Kij . The
complementary set is evolved by the appropriate γ̇ij and/or K̇ij equations.
If one could separate out the gravity wave degrees of freedom, this would
be an ideal solution. However, this approach has not yet been successfully
implemented except for axisymmetric systems.

Solution III – constrained metric condition. In this approach, the gravity
waves are ignored and an additional condition is imposed upon the metric
such that all metric components are defined. This is the essence of the
conformally flat condition discussed in Chapter 7. Although repulsive to
the purist, this method has been shown to provide surprisingly accurate
results and is much easier to implement in three spatial dimensions than
the previous two schemes.

1.3.8 Gauge choices for γij

In view of the difficulties in applying the ADM method, a large fraction
of the work has involved special restrictions on the three-metric. Some
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common gauge choices based upon various symmetries are summarized
as follows.

1. Spherical symmetry
This is the best known simplification. In this system Birkhof’s theorem
applies. That is, it can be shown that any spherically symmetric vac-
uum solution of Einstein’s equations must be static and must agree with
the Schwarzschild solution. Nevertheless, other coordinate choices (which
transform to Schwarzschild coordinates) can and have been utilized to
particular advantage. It is of course best to choose a coordinate system
that matches the problem one wishes to solve. Spherical coordinates r, θ, φ
are the obvious choice for problems with spherical symmetry. The most
general three-metric in spherical spacetime can be written as

dl2 = Adr2 + Br2(dθ2 + sin2 θdφ2), (1.63)

where A and B are functions of t and r only. For example, in standard
static Schwarzschild coordinates

A = (1 − 2M/r)−1, (1.64)

and B = 1. In isotropic coordinates

A = B =
(

1 +
M

2r

)4

, (1.65)

where M is the mass interior to r.
In dynamical calculations of stellar collapse, it is useful to utilize mass

instead of r as the spatial coordinate. This is usually accomplished via an
adaptation of the May and White metric [12], whereby the spatial metric
can be written,

dl2 = B2dm2 + r2(dθ2 + sin2 θdφ2). (1.66)

An application of this metric to stellar collapse is discussed in Chapter 5.
The other metric variables are at most α and βr. In spherical geometry
these also are only functions of t and r. Their choice is discussed below.

2. Planar symmetry
This is the simplest geometry with nontrivial gravity waves. Its applica-
tion in cosmology is discussed in Chapter 4. The field equations in these
coordinates are simple enough that the gravity wave aspect is solvable.
Constraints are less tightly controlled by gravity waves. Since more than
one dimension is necessary to describe gravity waves, the metric choice in
planar cosmologies, for example, can be written [6]

dl2 = A2
[
dx2 + h2dy2 + dz2

]
, (1.67)
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where the coefficients A and h are coordinates of t and z only. Equations
for the shift vector components βx and βz are then derived to maintain
these coordinates.

3. Axial symmetry
This problem has been extensively worked on. The mixed scheme has
been used with sufficiently good numerical techniques that satisfactory
results have been obtained even with modest computer resources for the
evolution of γ̇ij and K̇ij [8, 17][8, 17, 20].

In axial symmetry r, z, φ or r, θ, φ coordinates have been most often
used, depending upon the problem one wishes to solve, e.g. head-on neu-
tron star collisions or axially symmetric stellar collapse. In some cases
bipolar or bispherical coordinates may be applicable.

In stationary spacetime, the simplest case is that of a static,
nonrotating, vacuum axisymmetric line element. In this case the Weyl
three-metric can be chosen for which γrr = γzz, and the three-line element
becomes

dl2 = A2(dr2 + dz2) + r2B2dφ2. (1.68)

In a time-dependent nonrotating axisymmetric spacetime, the most
general three-metric for r, z, φ coordinates can be written

dl2 = Adr2 + Bdz2 + Cdrdz + DR2dφ2, (1.69)

where γrφ = γzφ = 0, and βφ = 0.

4. No symmetry
In problems with no angular symmetry, simple Cartesian x, y, z
coordinates are the most straightforward choice, and in general all six
components of the three-metric γij must be evolved. As a solution to the
initial value problem, however, one often begins by the implementation
of a conformally flat condition. The three-metric is then constrained such
that the spatial line element becomes

dl2 = φ4[dx2 + dy2 + dz2]. (1.70)

The six components of the three-metric are thus reduced to a single
position-dependent conformal factor φ. As will be discussed in Chapter 7,
good numerical results can be obtained in this way even for some dynami-
cal systems. While this choice is allowable along any individual time slice,
it does not allow for gravity wave propagation and does not reproduce a
Kerr solution. A modified metric which does reduce to the correct Kerr
limit has been applied recently by Usui, Uyru and Eriguchi [18]. For this
case the metric is chosen to be:

ds2 = −e2νdt2 + r2 sin2 θe2β(dφ− ωdt)2 + e2αdr2 + r2e2α′
dθ2. (1.71)
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This is a simplification because the off-diagonal t − r and t − θ metric
coefficients are neglected. Only the dominant t− φ term is kept.

Gauge choice for α. As mentioned above it is most common also to apply
gauge conditions on the metric coefficients α and/or βi. The simplest
possible gauge condition is to use time-like geodesics normal to the space-
time slices and to label the slices with the local proper time of the Eulerian
observer; that is, simply to set α = 1, βi = 0. This is the synchronous
gauge. This choice is fine for mildly relativistic systems. However, these
frames tend to develop coordinate singularities by focusing of the normal
geodesics [22]. This choice is also difficult to relate to Newtonian physics
in the strong field regime.

A much more frequently invoked choice is what is referred to as the
maximal slicing condition [10, 22]. That is, one simply sets,

tr(Kij) ≡ Ki
i ≡ K = 0. (1.72)

This gauge acts as an effective anti-focusing condition which avoids the
coordinate singularities of the synchronous gauge. Its name derives from
the fact that the volume V (S) of any bounded portion S of an ADM slice,

V (S) =
∫
S
(det γij)1/2d3x, (1.73)

can be shown [22] to be a maximum. One can then take the trace of the
K̇ij equation (1.55) to find an equation for α.

For strong fields in this gauge, i.e. when ραr
3 � 1, it can be shown that

α → 0 exponentially. Since the right-hand side of the γ̇ij (Eq. (1.51)) and
K̇ij (Eq. (1.55)) equations is multiplied by α this implies that the gravity
evolution ceases around regions of high mass–energy density. Thus black
holes can form and the evolution can continue outside the black holes.

The maximal slicing condition is appropriate for asymptotically flat
spacetimes. However, in closed universes there are compact slices without
a boundary. Hence, at most only one maximal slice exists. In this case, an
equally simple choice is that of constant in space mean extrinsic curvature,
referred to as closed slices, i.e.

tr(Kij) = constant, (1.74)

where a different positive constant can apply for each slice. One is also
free to fix ∂ttr(Kij) = constant for each slice. If ∂ttr(Kij) = 1 for all slices,
then one can identify the trace with coordinate time, tr(Kij) = t−1. Then
K becomes as a natural time coordinate. This is a convenient choice in
cosmology.
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Another possibility [22] is for tr(Kij) to equal a negative constant. This
is possible in some asymptotically flat spacetimes (e.g. Schwarzschild).
Such slices are similar to the mass hyperboloids of Minkowski spacetime.
This is referred to as asymptotically null slicing. In this gauge, the lapse
α grows like r at large distances.

1.3.9 Gauge choices for �β

Having utilized a slicing condition to obtain α one must still choose a
shift vector �β. That is, one must still select how the coordinates are moved
from one coordinate time slice to the next. The simplest choice is of course
�β = 0, which has been dubbed the Eulerian gauge [15, 16] or the normal
gauge because the spatial coordinates are constant along the normal or
Eulerian trajectories. This choice simplifies the equations, however, it has
been learned that a better choice is to select �β in such a way as to simplify
the the numerics and/or the interpretation of the results.

In hydrodynamics, it is often useful to allow the spatial coordinate
frames to move with the matter. This is referred to as the comoving gauge
or the Lagrangian gauge, for which one writes,

βi = αV i, (1.75)

where V i is the spatial three-velocity of the matter computed by Eulerian
observers in their local proper reference frame. It is easy to picture this
by reference to Figure 1.1. The coordinate observer will move along with
the fluid if the step in t by an amount αdt is accompanied by a shift of an
amount �V αdt on the next hypersurface. This choice is particularly useful
in spherical collapse or other inately one-dimensional problems.

A third possibility is that of the mixed Euler–Lagrangian gauge. In this
choice, the computational grid is neither pure Eulerian nor Lagrangian.
Rather, the shift vector components are chosen to simplify the solution
of the field equations. This gauge is useful in hydrodynamics because it
minimizes matter motion with respect to the grid and hence minimizes the
associated numerical error in the hydrodynamics. In an orbiting binary,
for example [21], one choice is to let [5]

�β = �Ω × �R + �βdrag (1.76)

where the angular frequency Ω is chosen so that the volume averaged V i

are minimized.

Spherical geometry. In calculations of spherical collapse there are three
choices. One is to choose βr such that B = 1 in Eq. (1.63). This
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Schwarzschild gauge is a generalization of Schwarzschild coordinates. A
second possibility is to select βr to maintain A = B in Eq. (1.63). This
isotropic gauge is the spherical version of isotropic coordinates. In this
case A is like a conformal factor. It is also a special case of the minimal
distortion gauge discussed below. Thirdly one can set A = 1 in Eq. (1.63).
For this radial gauge, the coordinate r is the proper radial distance in the
three-space.

Axisymmetry. A useful formulation for axisymmetric systems is that of
the Wilson isothermal gauge [20]. In this application βr and βz are chosen
to keep the dynamic three-metric in the same form as the static Weyl
three-metric (1.68). This enormously simplifies the remaining Einstein
equations as discussed in Chapter 6.

The extension of the isothermal gauge to the rotating case [15] is to
add nonvanishing (βφ, γrz, γzφ), where βφ is chosen by demanding that

γrφ − γzφ = ∂t(γrφ − γzφ) = 0. (1.77)

This leaves three functions for which to solve in the three-metric

dl2 = [A(dr + dz) + 2Edφ](dr + dz) + Dr2dφ2. (1.78)

Another possible choice [22] is the minimal distortion gauge in which
the shift vector is chosen to minimize the relative stretching or changing
of shape (coordinate shear) when moving from one slice to the next.

This completes the general relativistic field equations in the (3+1)
formalism. We still, however, must specify the detailed applications of
the various gauge choices to specific problems. This is the subject of
subsequent chapters.
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B. Szilágyi, S. A. Teukolsky, M. H. van Putten, P. Walker, J. Winicour and
J. W. York, The binary black hole grand challenge alliance, Phys. Rev. Lett.,
80, 2512 (1998); J. A. Font, M. Miller, W.-M. Suen and M. Tobias, Phys.
Rev., D61, 044011 (2000).

[8] C. R. Evans, Ph.D. Thesis, University of Texas (1985).

[9] E. Flanagan, Phys. Rev. Lett., 82, 1354 (1999).

[10] A. Lichnerowicz, J. Math. Pures Appl., 23, 37 (1944).

[11] G. J. Mathews and J. R. Wilson, Phys. Rev., 61, 127304 (2000).

[12] M. May and R. H. White, Methods Comput. Phys., 73, 219 (1967).

[13] C. W. Misner, K. S. Thorne and J. A. Wheeler, Gravitation (Freeman, San
Francisco, CA, 1973).

[14] M. Shibata and T. Nakamura, Phys. Rev., D52, 5428 (1995); M. Shibata,
Phys. Rev., D60, 104052 (1999); M. Shibata and K. Uryu, Phys. Rev.,
D61, 064001 (2000); T. W. Baumgarte and S. L. Shapiro, Phys. Rev., D59,
024002 (1999).

[15] L. Smarr, in Sources of Gravitational Radiation, ed. L. Smarr (Cambridge
University Press, Cambridge, 1979), p. 245.

[16] L. Smarr, C. Taubes and J. R. Wilson, in Essays in Relativity: A Festschrift
for Abraham Taub, ed. F. Tipler (Academic Press, New York, 1980),
pp. 157–183.

[17] R. F. Stark and T. Piran, Phys. Rev. Lett., 55, 891 (1985).

[18] F. Usui, K. Uryu and Y. Eriguchi, Phys. Rev., D61, 024039 (2000).

[19] S. Weinberg, Gravitation and Cosmology, (Wiley, New York, 1973).

[20] J. R. Wilson, in Sources of Gravitational Radiation, ed. L. Smarr
(Cambridge University Press, Cambridge, 1979), p. 423; Phys. Rev., D66,
084015 (2002).

[21] J. R. Wilson, G. J. Mathews and P. Marronetti, Phys. Rev., D54, 1317
(1996).

[22] J. W. York, Jr., in Sources of Gravitational Radiation, ed. L. Smarr
(Cambridge University Press, Cambridge, 1979), p. 83.

[23] J. W. York, Jr., in Gravitational Radiation, ed. N. Deruelle and T. Piran
(University of Texas Press, Austin, TX, 1983), p. 147.



2
Special relativistic hydrodynamics

2.1 Perfect fluid energy momentum tensor

It is easiest to begin a study of general relativistic hydrodynamics with
a discussion of special relativistic hydrodynamics in flat space. A good
starting point for any hydrodynamic discussion is the energy momentum
tensor. Many astrophysical and cosmological models make use of the
hydrodynamics of a perfect fluid. A perfect fluid is simply one in which
the velocity field at each point is such that an observer moving with this
velocity sees the fluid as isotropic and nonviscous on a small enough local
scale. Although we begin our discussion with a perfect fluid, we will add
imperfections (viscosity, heat flow, etc.) later.

The stress tensor in Newtonian fluids is a measure of the momentum
flux. In relativity (both special and general) one desires a generalization
to a measure of not only momentum flux density, but also energy flux
density and energy density as observed in different reference frames. In
special relativity it is easy to find the form of the energy momentum
tensor. Consider a pressureless cloud consisting of a local number density
of n particles per unit volume with a rest mass of m0 each. An observer
in an arbitrary frame then measures a fluid mass energy density,

mass energy density =
∑
N

nm0

(1 − v2)
. (2.1)

where one factor of 1/
√

1 − v2 arises from length contraction and another
factor from the mass energy. In special relativity, this quantity represents
the flux of mass energy across a t = constant surface. The energy flux
density across a spatial surface is the amount of energy transported in
various directions as seen by the observer,

(energy flux density)i = (momentum density)i =
∑
N

nm0v
i

(1 − v2)
. (2.2)

23



24 2 Special relativistic hydrodynamics

This is the amount of energy transported along the ith direction per
unit time. Similarly, the momentum flux along direction i from the jth
component of momentum is

momentum flux density =
∑
N

nm0v
ivj

(1 − v2)
. (2.3)

We now denote the quantity Uµ as the relativistic four-velocity of the
fluid relative to the observer,

Uµ =
dxµ

dτ
= W (1, V 1, V 2, V 3), (2.4)

where V i are the spatial velocities, dxi/dt, and in flat Minkowski space,
W is the special relativistic “gamma” factor

W (flat space) = U t =
1√

1 − V iVi

. (2.5)

This immediately leads to the energy momentum tensor for point
particles,

Tµν
pressureless =

∑
N

nm0U
µUν . (2.6)

Now we consider the particles to constitute a continuous fluid of rest
mass energy density ρ = nm0. We also divide the particle velocities into a
bulk fluid velocity U i plus isotropic velocities relative to a frame in which
the fluid is at rest. The isotropic velocities then produce a pressure P , and
a specific internal energy ε. The energy momentum tensor is then written:

Tµν = (ρ(1 + ε) + P )UµUν + ηµνP. (2.7)

Note that in the curved space of general relativity, W takes on a slightly
different form which we deal with in subsequent chapters. This is why
we distinguish it here from the usual relativistic gamma factor. The
four-velocity is normalized such that

UαU
α = −1. (2.8)

The quantity ηµν in Eq. (2.7) is the metric tensor which describes proper
spacetime intervals in flat space. For example, in flat Cartesian coordi-
nates,

ds2 = ηµνdx
µdxν , (2.9)

with

ηµν =

⎛
⎜⎜⎝
−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

⎞
⎟⎟⎠ , (2.10)
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for which
ηαγηγβ = δαβ . (2.11)

2.2 Equation of motion

To describe the evolution of a relativistic fluid, it is convenient to derive
equations of motion in a form that is reminiscent of the Newtonian
equations of motion [24, 29, 30]. We do this by first introducing a set of
Lorentz-contracted state variables. We define a coordinate baryon mass
density,

D = Wρ. (2.12)

Similarly, the coordinate internal energy density is written,

E = Wρε. (2.13)

We also introduce a contravariant four-space version of the coordinate
three-velocity given by

V µ =
Uµ

U t
= (1, V 1, V 2, V 3). (2.14)

The equation of baryon flux conservation is,

(ρUµ);µ = 0. (2.15)

In Cartesian flat Minkowski space, this reduces to a special relativistic
continuity equation,

∂D

∂t
= − ∂

∂xi

(
DV i

)
, (2.16)

which looks exactly like the Newtonian equation of baryon conservation
with the Newtonian rest mass density replaced with the Lorentz-
contracted mass energy density. The term on the right-hand side is an
advection term. As we shall see, its accurate numerical solution requires
considerable forethought.

To impose momentum conservation, we first introduce the coordinate
four-momentum density,

Sµ = [ρ(1 + ε) + P ]WUµ = (D + E + PW )Uµ. (2.17)

One can also eliminate the explicit treatment of pressure in the inertial
density by introducing an index Γ from the equation of state which relates
pressure and internal energy,

Γ = 1 +
P

ρε
, (2.18)



26 2 Special relativistic hydrodynamics

where Γ must be slowly varying but not necessarily constant. In this way
the momentum density can be written

Sµ = (D + ΓE)Uµ. (2.19)

With the above definitions we can rewrite the stress energy tensor for
a perfect fluid,

T ν
µ = ηλνTµλ = SµV

ν + δνµP, (2.20)

where δνν is the Kronicker delta function.
An equation for the spatial components of momentum density is derived

from the vanishing of the four-divergence of the appropriate spatial terms
of the energy momentum tensor,

T ν
i;ν = 0. (2.21)

The momentum equation in flat Cartesian coordinates then becomes

∂Si

∂t
+

∂

∂xj

(
SiV

j
)

+
∂P

∂xi
= 0. (2.22)

Again this looks like the Newtonian momentum equation but with a
Lorentz-contracted momentum density replacing ρvi in the Newtonian
equations. Now, in addition to the advection of momentum, we have a
term (dP/dx) which accounts for the pressure force.

The energy evolution of the system is conveniently evolved using
an equation for the internal energy ρε and not the total energy. One
advantage of this choice is that it allows one to maintain constant entropy
when desired. Also, a check for conservation of total energy or a lack
thereof is a good test of numerical accuracy. Experience has shown that
this is the best approach.

To obtain an equation for internal energy, we write,(
UµT

µν
)

;ν
= 0. (2.23)

This can be reduced to an equation for internal energy density,

∂(EV µ)
∂xµ

+ P
∂Uµ

∂xµ
= 0, (2.24)

which becomes

∂E

∂t
+

∂

∂xi

(
EV i

)
+ P

[
∂W

∂t
+

∂

∂xi

(
WV i

)]
= 0. (2.25)
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The terms containing P now describe the proper PdV work of the system.
For numerical integration it is convenient to rewrite the PdV terms using
the equation of state index Γ to give

∂E

∂t
+

∂

∂xi

(
EV i

)
+ (Γ − 1)

E

W

[
∂W

∂t
+

∂

∂xi

(
WV i

)]
= 0. (2.26)

Thus, the PdV contribution to Ė involves the product of E times slowly
varying terms. They can then be easily integrated using operator splitting
as described below.

2.2.1 Viscosity and heat flow

The generalization of the energy momentum tensor to an imperfect fluid
includes the possibility of microscopic interactions which lead to viscosity
and heat flow. To do this we follow the method of Eckart [7] described in
Weinberg [28]. The stress energy tensor becomes

Tµν = (ρ(1 + ε) + P )UµUν + ηµνP + Σµν , (2.27)

where a new viscous stress tensor Σµν has been added which includes
terms for damping and heat flow. Specifically one can write,

Σµν = −ηhµρhνσWρσ − χ

(
hµρUµ + hνρUµ

)
Qρ

−ζhµνUρ
;ρ, (2.28)

where η is the shear viscosity coefficient, χ is the heat conduction
coefficient, and ζ is the bulk viscosity coefficient.

The tensor hµν in this equation is a projection operator on the
hyperplane normal to Uµ,

hµν = gµν + UµUν . (2.29)

The shear tensor Wµν describes the velocity gradient for viscosity,

Wµν = Uµ;ν + Uν;µ − 2
3
gµνU

σ
;σ. (2.30)

The quantity Qµ in Eq. (2.28) is called the heat flow vector,

Qµ = T;µ + TUνUµ;ν , (2.31)

where T is the temperature. The second term in this equation is required
to keep the entropy increasing in time. It is an odd term in that it drives
an acceleration of the fluid.
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2.2.2 Relativistic Navier–Stokes equation

If heat flow and viscosity are added to the stress energy tensor, the
equations of motion easily generalize to the special relativistic Navier–
Stokes equation,

Ḋ +
∂

∂xi

(
DV i

)
= 0, (2.32)

Ṡi +
∂

∂xj

(
SiV

j
)

+
∂P

∂xi
+

∂

∂xν
Σν
i = 0, (2.33)

and

Ė +
∂

∂xi

(
EV i

)
+ P

(
Ẇ +

∂(WV i)
∂xi

)
+ Σν

µU
µ
;ν −

(
UµΣν

µ

)
;ν

= 0. (2.34)

2.2.3 Causality and Navier–Stokes

Although the relativistic Navier–Stokes equations are formally correct,
they are acausal. That is, viscous forces and heat flow can propagate at
arbitrary speeds. To avoid this possible problem it is common to introduce
flux limiters. In the fluid frame these equations reduce to the form of a
diffusion equation, Ȧ = D∂2A/∂x2. Hence, the same flux limiter methods
which have been developed to limit diffusion in Newtonian hydrodynamics
can be applied here.

That is, for either viscosity or heat flow, one identifies the flux of
momentum ΦS and/or heat ΦH and imposes the following requirements:

|ΦS | < (ρ + ρε + P )cs, (2.35)
|ΦH | < ρεthcs, (2.36)

where cs is the speed of sound and εth is the thermal component of the
internal energy per unit mass. To achieve these constraints one goes back
to the fluid frame and identifies the momentum flux with η(∂U i/∂xi) and
the heat flux in Eq. (2.28) with κ(∂T/∂xi). These are then replaced by

ΦS = η(∂U i/∂xi)/
(

1 +
η|(∂U i/∂xi)|

(ρ + ρε + P )cs

)
, (2.37)

and the heat flux with

ΦH = κ(∂T/∂xi)/
(

1 +
κ|(∂T/∂xi)|

ρεthcs

)
. (2.38)

In Chapter 5 we will discuss how to design flux limiters to obtain good
quantitative numerical results.
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2.3 Coordinate systems

There are two basic choices for flat space coordinate systems. The
equations above are written in an Eulerian scheme. That is, a fixed grid
is defined and the density and other state variables become functions of
position on this grid, i.e we write ρ(xµ). The other possible scheme is
a Lagrangian representation. Here, the density and coordinates become
functions of mass and time, i.e. we have ρ(m, t), xi(m, t). The advantage of
a Lagrangian scheme is apparent when the fluid velocities obey a simple
functional behavior (e.g. spherical collapse or expansion). By choosing
the appropriate mass coordinate, baryon conservation can be guaranteed.
However, if the fluid motion is complicated, for example by the existence
of vortices or shear, there is no simple relation between initial and final
mass points, and an Eulerian scheme is better.

It has often proven to be most useful to consider a mixing of the
advantages of both the Eulerian and Lagrangian schemes. That is, if at
least part of the fluid motion can be described by a simple fluid grid ve-
locity Vg, then a coordinate transformation, dxi → dxi + V i

g dt produces,

∂D

∂t
+ ∇ ·

(
D(
V − 
Vg)

)
+ D∇ · 
Vg = 0, (2.39)

∂E

∂t
+ ∇ ·

(
E(
V − 
Vg)

)
+ E∇ · 
Vg

+P

[
∂W

∂t
+ W∇ · Vg + W∇ ·

(

V − 
Vg

)]
= 0, (2.40)

∂Si

∂t
+ ∇ ·

(
Si(
V − 
Vg)

)
+ Si∇ · 
Vg +

∂P

∂xi
= 0. (2.41)

Note that for 
Vg = 0 these reduce to the Eulerian scheme. For 
Vg = 
V ,
the above reduces to a Lagrangian scheme.

As written, these equations are for fluid flow in which each particle
retains its initial entropy. One could also easily add an external energy
source Ėexternal to the energy equation. Also, if we wish to describe shock
waves we must add terms for viscosity and heat flow as described in the
previous section. We will return to these terms shortly. First, however,
we should say a few words about how one actually reduces the above
equations to something that can be evolved numerically on a computer.

2.4 Difference equations: generalities

A number of schemes have been introduced to evolve hydrodynamic
equations [15]. At the heart of all approaches is the treatment of advection



30 2 Special relativistic hydrodynamics

terms which appear in equations such as (2.16), (2.22), and (2.25). Some
of the modern algorithms like the Riemann solvers [20] have found
wide application for a number of problems for both Newtonian and
relativistic hydrodynamics. The modern artificial viscosity (AV) shock
capturing method described herein is based upon the numerical techniques
developed during the past decade for applications to Newtonian hydrody-
namics at Lawrence Livermore National Laboratory (LLNL). Although
there is a general conception (cf. [15]) that the modern Riemann methods
are superior to artificial viscosity, this conclusion is based upon com-
parisons with older versions of the AV method as applied in the 1980s
[4, 12, 13].

The algorithms presented here are based upon a relativistic generaliza-
tion of the modern artificial viscosity. This method has evolved a long way
since the old Von Neuman–Richtmer [27] artificial viscosity which needed
many zones to achieve an accurate representation of a shock wave and also
was dissipative when not appropriate. All comparisons to AV methods in
use prior to those described in [16] are irrelevant. The scheme described
herein is based upon the more recent AV method which we consider to be
preferable to many Riemann solvers currently in use.

2.4.1 Artificial viscosity versus Riemann

Extensive comparisons have been made [14] at LLNL in recent years
between the modern AV and Riemann methods. For one-dimensional test
problems, the Riemann solvers are indeed slightly superior. In the tests
cited above [14] some multi-dimensional flows were found to be slightly
better represented by AV than by the Riemann method. The Riemann
method, however, is more easily amenable to adaptive mesh refinement
techniques [2, 3]. All Riemann solvers, however, are more dissipative of
energy in smooth flow than the modern AV methods. For problems that
involve strong energy flow and/or real viscosity (e.g. supernovae), the
Riemann solvers become complicated if heat flow, etc. are incorporated
into the characteristics. Furthermore, for three-dimensional calculations
the operator splitting of the Riemann solver usually involves three sepa-
rate one-dimensional sweeps across the grid. This can cause a degradation
in accuracy for three-dimensional applications.

Figure 2.1 was prepared for us by Peter Anninos [1]. It illustrates
a comparison between the three-dimensional structure for a simple
Newtonian neutron star evaluated using both the Riemann total vari-
ation diminishing (TDV) method [11] and an AV method for the same
number of zones. For a one-dimensional test problem, the TDV solver
was as good as or better than the AV method. However, this illustrates
two problems when the TDV is applied in three dimensions: the central
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Fig. 2.1. Radial profile of a three-dimensional Newtonian neutron star
calculated [1] using both artificial viscosity (AV) and a TDV method.

density is too low and the surface is poorly resolved. Both of these effects
can be traced to the tendency of Riemann solvers to introduce excess
dissipation. If the characteristics of the TDV method could be solved in
a true implicit three-dimensional manner, this problem might be elimi-
nated. We also note, however, that the TDV methods make less efficient
use of computer resources.

We believe that the modern AV technique described herein is robust
for problems that involve multi-dimensional hydrodynamics, heat flow,
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real viscosity, nuclear burning, detonations, etc. as in stellar collapse. We
have extended the LLNL method to relativistic hydrodynamics as best
we can while keeping the coding simple. The principal parts neglected are
the time centering of the artificial viscosity and incorporating an effective
Lagrangian-plus-remap approach to advection. In Chapter 5, however,
for the supernova calculations we do incorporate an effective Lagrangian-
plus-remap algorithm for advection.

2.4.2 Finite difference preliminaries

One begins with a discretizing of space and time into a finite number of
zones and boundaries as depicted in Figure 2.2. Intrinsic state variables
like the density, internal energy, pressure, entropy, and metric coefficients
are taken to reside within the zones. Differential properties, gradients,
velocities, etc. are taken to reside on zone boundaries (cf. Figure 2.2).
For example, consider the simple gradient when finite differenced in one
direction,

∂A

∂x
→ Aj+1 −Aj

xj+1 − xj
, (2.42)

where j labels each zone. This derivative now resides on the boundary
between Aj and Aj+1. Clearly, an attempt to treat the derivatives as
located at the zone centers would be inaccurate. At the very least one
must average over derivatives evaluated at the two boundaries. The goal
should be to make the difference equations second-order accurate in
space and time. This goal is not always achieved. In what follows we will
note discrepancies as they arise.

A better approach which maintains second-order accuracy is the leap-
frog method (cf. Figure 2.2) in which state variables (e.g. Ai+1/2 ≡
D,E, P ) reside in zone centers and differential quantities (e.g. Bi ≡
Vi, Ui,W, Si) reside on the zone boundaries and two different grids (xj+1/2

and xj) are maintained in the numerical calculations. The first xj+1/2 grid
denotes zone centers, and the xj grid denotes zone boundaries

Bi−1 Bi Bi+1

| Ai−1/2 | Ai+1/2 |
xi−1 xi−1/2 xi xi+1/2 xi+1

The same staggering is made in the time steps which we denote with a
superscript n, i.e.

Bn−1 Bn Bn+1

| An−1/2 | An+1/2 |
tn−1 tn−1/2 tn tn+1/2 tn+1
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W
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Fig. 2.2. Schematic illustration of the spacetime centering of various vari-
ables in the leap-frog method.

As an illustration, consider the simple planar one-dimensional continu-
ity equation

Ḋ +
∂

∂x
(DV ) = 0. (2.43)

In a Lagrangian scheme the mass conserving formulation of this equation
is achieved by simply following the change in volume (here length)
between the zone boundaries from one time step to the next. That is,
if we introduce xn+1

i as the new zone boundaries, then in one dimension
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the new density in zone i is given by,

Dn+1
i+1/2 = Dn

i+1/2

(
x
n−1/2
i+1 − x

n−1/2
i

x
n+1/2
i+1 − x

n+1/2
i

)
. (2.44)

In a simple minded scheme, xn+1/2
i = x

n−1/2
i + ∆tV i.

In an Eulerian scheme the finite difference equation is

D
n+1/2
j+1/2 −D

n−1/2
j+1/2

∆tn
+

1
∆xj

(
V n
j+1(D̃

n+1/2
j+1 ) − V n

j (D̃n+1/2
j )

)
= 0, (2.45)

where ∆tn = (tn+1/2 − tn−1/2), ∆xj = (xj+1/2 − xj−1/2), and D̃j denotes
averaging over neighboring zones to obtain boundary centered densities
to go with the velocities. An example which has been applied in the past
is to fix D̃j by the direction of flow from neighboring zones, e.g.

D̃j = Dj−1/2 (V j > 0)
(2.46)

= Dj+1/2 (V j < 0).

This method is referred to as first-order upwind transport [13]. The real
art of numerical advection is finding the correct average density at the
zone boundary in the Eulerian scheme (or motion of the zone boundary
in the Lagrangian scheme) along with the proper centering of the Lorentz
factor W . The simple illustrations above are not sufficiently accurate for
most applications. Hence, in the next section we present a more realistic
scheme.

2.4.3 Relativistic hydrodynamics in one dimension

In this section we give the difference equations in a linear one-dimensional
Eulerian mode. The extension to general relativity and higher dimen-
sions is presented in the next chapter. A method which makes use of
the Lagrangian mode (in a hybrid scheme) will be given in the chapter
on supernova collapse models. A one-dimensional hydrodynamics code
which incorporates the features described herein along with codes for
generating test problems is available by request from the authors (email:
gmathews@nd.edu).

We begin by specifying two staggered positional grids. The points
xi ≡ xia are centered on the boundaries between zones and define the
positions at which velocity quantities, Si, Ui, V

i, βi, are centered. (Note
that in the following the subscripts and superscripts denote zone posi-
tions in the one-dimensional numerical grid and not spatial dimensions.)
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We use the zone-centered grid xi+1/2 ≡ xib to denote positions for matter
variables, i.e. Di, Ei, etc. Increments in x are labeled by dxia = xib − xi−1

b
for the boundary-centered xi positions and dxib = xi+1

a −xia. The variables
Di, Ei, Γi, and Pi are treated as centered in time. They are constructed
so to be one half time step away from the time centering of velocity quan-
tities, Si, Ui, etc. The Lorentz factors, Wi, are required as both zone- and
boundary-centered quantities. However, they are derived from velocities
and would more naturally be defined only on the zone boundaries. They
must continually be averaged from the zone boundaries, hence the cen-
tering of W i is not as easy to maintain.

To generalize the treatment of planar, cylindrical, and spherical prob-
lems with a single algorithm, it is necessary also to specify areas and
volumes on the grid. Hence, for the boundary-centered areas Ai

a and vol-
umes Vol ia we write,

Ai
a = 1 planar

2πxia cylindrical (2.47)
4π(xia)

2 spherical,

Volia = xib − xi−1
b planar

π[(xib)
2 − (xi−1

b )2] cylindrical (2.48)

4π[(xib)
3 − (xi−1

b )3]/3 spherical.

Similarly, the zone-centered areas and volumes are,

Ai
b = 1 planar

2πxia cylindrical (2.49)
4π(xia)

2 spherical,

Volib = xia − xi−1
a planar

π[(xia)
2 − (xi−1

a )2] cylindrical (2.50)
4π[(xia)

3 − (xi−1
a )3]/3 spherical.

2.4.4 Operator splitting

We make extensive use of operator splitting. That is, the various coupled
equations are solved successively while ignoring the other equations at
each time step. The separate steps by which the system is advanced in
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time are as follows:

1. pressure acceleration
2. viscosity
3. velocities U , V and W
4. pressure PdV work on fluid
5. advection of state variables
6. velocities again
7. pressure PdV work again
8. time step dt calculation
9. grid update

10. output and post processing when appropriate.

The equation-of-state routine is called after each step in which the state
variables are changed, i.e. steps 2, 4, 5 and 7. The order of these steps is
important and should be performed as listed above. This splitting insures
that variables are optimally updated.

2.4.5 Time step calculation

The time steps dtn are taken as the minimum of the time step as deter-
mined by several conditions. Each condition is also multiplied by a number
less than one to accommodate the nonlinear nature of the equations.

The first condition is known as the Courant condition. It is based upon
a search over all zones i for the zone with the minimum sound crossing
time, i.e.

dt1 = min
(
dxib/c

i
s

)
, (2.51)

where cis is the sound speed in the ith zone.
The speed of sound is found by rewriting the Eulerian equations of

motion into a wave equation for small perturbations in the density. The
Newtonian speed of sound is given by the variation of pressure with
density. In relativity the wave speed is given instead by the adiabatic
derivative of the pressure with respect to the relativistic inertial density,

c2s =
∂P

∂[ρ(1 + ε) + P ]
. (2.52)

For an equation of state such that Pi in zone i may be represented locally
by a local adiabatic index Γi, we have

Pi = (Γi − 1)Ei/Wi. (2.53)

The local sound speed in zone i then becomes,

cs =

√
Γi(Γi − 1)Ei

Di + ΓiEi
. (2.54)
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For Γ > 1 the wave speed increases with density if adiabaticity is assumed.
This is because the specific internal energy ε increases with density. Thus,
waves may steepen as they propagate.

The second condition is a search for the zone with minimum three-
velocity transport time, defined as the time for material to flow across a
zone,

dt2 = min
(
dxia/|V i|

)
. (2.55)

This constraint is introduced to ensure stability and accuracy in the
numerical advection calculation.

The third condition is introduced to maintain stability of the artificial
viscosity algorithm. As described below, the viscous equations are
analogous to a diffusion equation in four-velocity with a diffusion
coefficient D ≈ k1dx

i|δU i|, where δU i ≡ U i+1 −U i. We then can define a
minimum viscous diffusion time across a zone derived from the stability
condition for explicit diffusion equations,

dt3 =
1
4

min
(
W idxib/|δU i|

)
. (2.56)

The time step dt is then assigned to be some fraction of the minimum
of these three conditions,

dt = kmin (dt1, dt2, dt3), (2.57)

where typically k ≈ 1/2. Obviously, smaller values for k increase the
accuracy of the calculation. Also, since the equations are nonlinear, some-
times violent systems require a smaller value for k.

2.4.6 Artificial viscosity

The nonlinearity of the equations of hydrodynamics can lead to the
formation of shocks. It is difficult to depict accurately a numerical shock.
The scale of shocks is very small for most astrophysical situations,

Lshock ≈ λ
|∆vs|
|vs| , (2.58)

where λ is the mean free path in the medium, vs is the shock velocity and
∆vs is the difference between the post-shock and pre-shock velocities.
Since we almost always deal with zone sizes much larger than λ, it is
usually impossible to resolve a shock. Furthermore, the large gradients
in velocity as a shock passes lead to difficulty in the numerical advection
scheme. An unphysical oscillation in intrinsic properties results, as we
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shall show in some test problems later in the chapter. Thus, some method
is desired to “smooth out” shock fronts over several zones.

At the end of this chapter we give an explicit example of real viscosity
for a special relativistic fluid in heavy-ion nuclear collisions. As we
shall see, real physical viscosity spreads out a shock front. In analogy
with physical viscosity, therefore, an artificial viscosity is introduced for
numerical calculations which becomes large when a velocity gradient is
large and small otherwise. Its purpose is to reproduce the shock structure
with a minimum number of zones.

In the original form as introduced by Von Neuman and Richtmer (1950)
a viscosity coefficient was postulated which has more or less the desired
properties,

η = kρ|∆V |∆x, (2.59)

where ∆V = Vj+1 − Vj is the change in velocity across a zone and
∆x = xj+1−xj is the zone width. Over the years more sophisticated forms
have been proposed. This viscosity coefficient is then incorporated into
the hydrodynamic equations to modify the momentum energy evolution.
For relativistic applications one must be careful to make the proper gen-
eralization from three-velocity to four-velocity and include the Lorentz
factors. The method described below is the one preferred by the authors.
As we shall see it provides good accuracy for most test problems.

In this algorithm, the artificial viscosity coefficient becomes

η = σ[k1δU − k2cs], (2.60)

where σ is the inertial density and δU is an appropriately evaluated change
in four-velocity across two zones. The implementation of the viscous stress
tensor in one spatial dimension reduces to the evaluation of a pressure-like
quantity Q for the momentum equation,

Q ≡ σδU(k1δU − k2cs), (2.61)

and a kinetic energy loss term involving

C ≡ k3σ̄
δU

W
|(V − Vg)|, (2.62)

where Vg is a grid velocity. Typical values for the viscosity coefficients are:

k1 = (Γ + 1)/2, k2 = 1, k3 = 0.25. (2.63)

Obviously these have the desired property of large artificial viscosity
when the velocity change δU is large. The trick is to center properly all
of the quantities in the above expressions and avoid any artificial stress
when none is required.
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2.4.7 Realistic artificial viscosity in one dimension

In a realistic calculation the evaluation of the artificial viscosities is quite
complicated. Here, we sketch a one-dimensional algorithm to compute
artificial viscosity. A FORTRAN code which contains the basic algorithm
described herein is available by request from the authors. As we shall see
in the test problems described later in this chapter, this method is able
to maintain good accuracy with only two to three zones in the shocks.

First, the velocities at the zone boundaries Ui and Vi and the Lorentz
factor Wi are updated from the existing momentum density. We have,

Ui =
Sidx

i
a

1
2(σi−1dx

i−1
b + σi−1dx

i−1
b )

, (2.64)

where the inertial coordinate density σi is

σi = Di + ΓiEi. (2.65)

The three-velocity is then

Vi = Ui/
√

1 + U2
i , (2.66)

the boundary-centered Lorentz factor is

W a
i =

√
1 + U2

i , (2.67)

and the zone-centered Lorentz factor is taken to be

W b
i =

√
1 + (U2

i + U2
i+1)/2. (2.68)

Next, velocity differences are determined for the Q calculation. A
difference in the four-velocity at each boundary is determined from the
minimum and maximum four-velocities in the vicinity of a zone,

Umin = min (Ui−1, Ui, Ui+1), (2.69)

Umax = max (Ui−1, Ui, Ui+1). (2.70)

From this a minimum derivative is determined

∇Ui = min(Umax − Ui, Ui − Umin)/∆x, (2.71)

and a monotonicity condition is imposed on the derivative

if (Ui+1 − Ui)(Ui − Ui−1) < 0 then ∇Ui = 0. (2.72)
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Then, we determine the average derivative at zone i,

∇Ũ = (Ui+1 − Ui−1)/2∆x. (2.73)

The actual derivative in U is taken as the minimum of this quantity or the
minimum derivative across a single zone, i.e.

∇Ū = ∇Ũ min (1.0,∇U/|∇Ũ |). (2.74)

Having now obtained a minimum monotonic derivative of the four-
velocity, this is now used to compute the change in four-velocity δU ,

δUi =
[
(Ui+1 − Ui) − (1/2)∆t(∇Ũi + ∇Ũi+1)

]
/W b

i . (2.75)

Monotonicity is then imposed,

if
[
δUi(Ui+1 − Ui) < 0

]
, (2.76)

then δUi is restricted to be negative,

δUi = min
(

0, δUi

)
. (2.77)

With δU thus constructed, we then have the spatial component of the
artificial viscous stress

Qi = σiδUi(k1δUi − k2c
i
s), (2.78)

where k1 and k2 are viscosity coefficients.
The momentum and energy equations can then be updated

Si = Si − Qi −Qi−1

∆x
∆t, (2.79)

and new velocities determined as above.
In the advection the momentum density is spread out somewhat.

This leads to a loss of kinetic energy. The quantity Ci is introduced to
compensate for the kinetic energy loss by increasing the internal energy
as follows:

Ci = k3σ̄i
δU i

W
|(V i + V i+1 − V i

g − V i+1
g )/2|, (2.80)

where V i
g is the local grid velocity. Then, the internal energy can be up-

dated

Ei = Ei − (Qi − Ci)
(

(U i+1 − U i)∆t

∆x

)
. (2.81)
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This completes the artificial viscosity calculation. Note, however, that
Qi was evaluated using a combination of σi and Ui. The time center-
ing of these two quantities differs by half a time step. Hence, the error
in the artificial viscosity grows linearly with dt. Typically, with a strong
shock and an allowably large dt, the error in compression across a shock
front is ∼1–2%. To achieve higher accuracy either a small time step or
a time-centered artificial stress Qi should be used. In the Newtonian
limit, properly time-centered artificial stresses have been developed for
the method presented here. These reduce the shock compression error
to ∼0.1%. For relativistic hydrodynamics, however, it is necessary also to
time center W in a consistent way. The complete second-order differencing
of Q and W in time has not yet been achieved.

Another way to increase numerical accuracy is to use reduced time
steps in regions close to shocks. One can run multiple time steps in those
regions in such a way as to keep them in time step with the other zones.
In the chapter on supernova numerical methods we give an example of
such a reduction in time steps.

2.4.8 Equation of state

Having reevaluated the internal energy in the artificial viscosity section,
we now wish to reevaluate the pressure and temperature. The equation
of state (EOS) determines P and temperature T given ρ and E. Most
astrophysical processes involve gases, hence we represent the pressure by

P = (Γ − 1)E/W. (2.82)

In the polytropic limit Γ is a constant, typically 4/3 < Γ < 2. In realistic
calculations, Γ is a slowly varying function of ρ = D/W and ε = E/ρW .
Hence, tables or analytic functions are often used. In the same spirit, the
temperature T is determined when desired by assigning a heat capacity
from the EOS defined by

CV =
ε

T
, (2.83)

and assuming that CV does not change significantly during a computa-
tional cycle.

2.4.9 Velocity calculation

Having updated the momentum density in the artificial viscosity section
as well as the state variables in the equation of state, it becomes necessary
to reevaluate the four-velocity,

Ui = Si/σ̄i, (2.84)
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where σ̄i is the inertial density, σ ≡ D + ΓE, averaged at the zone
boundary,

σ̄i = (σidxib + σi−1dx
i−1
b )/2dxia. (2.85)

In this step we also evaluate the new Lorentz factors W along with
changes in the coordinate energy density E due to changes in W and the
advective part of W .

The three-velocity and zone-centered Lorentz factors are also
reevaluated,

V i = Ui/W
i
a, (2.86)

where W i
a is the boundary-centered Lorentz factor,

W i
a =

√
1 + U2

i . (2.87)

The zone-centered W factors are then

W i
b =

√
1 + (U2

i + U2
i+1)/2. (2.88)

2.4.10 Pressure work

With the velocity updated it is good next to evaluate the pressure terms
in the energy equation (2.25), P [∂W∂t + ∂

∂xi (WV i)].
In this step it is assumed that the Γi remain constant through the time

step. One can then rewrite the pressure as P = (1 − Γ)E/W . In this
way the pressure terms in the dynamical equations can be integrated and
added as an update to the state variables.

First the ∂W/∂t term can be evaluated:

Ei = Ei(W
i,old
b /W i,new

b )(Γ−1), (2.89)

where the superscripts new and old are used to denote the new and
previous values of W respectively from the velocity calculation.

Next, the V∇W term is evaluated and the energies updated,

V∇W i
b =

1
2
(V i + V i+1 − V i

g − V i+1
g )(W i+1

a −W i
a)/dx

i
b, (2.90)

Ei(t + dt) = Ei(t) exp
(

(Γi − 1)
V∇W i

b

W i
b

dt

)
. (2.91)

Finally, the WP∇ · V term can be evaluated. The divergence of the
three-velocity is given by

∇ · V i =
(
Ai+1

a V i+1 −Ai
aV

i
)

/Vol ib. (2.92)
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We then have,

Ei(t + dt) = Ei(t) exp
{

(Γi − 1)
∇ · V i

W i
b

dt

}
. (2.93)

2.4.11 Grid update

As mentioned in Section 2.3, greater accuracy can be maintained by choos-
ing coordinates which follow the average motion of the fluid while still
maintaining the generality of the Eulerian approach. This is particularly
true in multi-dimensional problems. For the one-dimensional test prob-
lems it is worthwhile to define several coordinate motions in addition to
the Eulerian limit (Vg = 0). One is uniform flow for which V i

g = constant.
Another is homologous motion (analogous to Hubble flow, i.e. Vg ∝ r).
For this case one simply sets the grid velocities and new coordinate
radii as

V i
g = V imax(ri/rimax), (2.94)

where V i is the total fluid three-velocity and imax is the last zone of the
grid. Alternatively, one can select the Lagrangian limit

V i
g = V i. (2.95)

Having selected a grid velocity at each zone, the coordinates are next
updated:

xia → xia + V i
g dt, (2.96)

dxib = xi+1
a − xia, (2.97)

xib → xia +
1
2
dxib, (2.98)

dxia = xib − xi−1
b . (2.99)

Similarly, the volumes and areas are updated according to Eqs. (2.48) and
(2.50). Finally, the state variables can be updated,

Di → Di

(
Vololdb

Volnewb

)
, (2.100)

Ei → Ei

(
Vololdb

Volnewb

)Γ

, (2.101)

Si → Si

(
Vololda

Volnewa

)
. (2.102)

Note that the Γ factor in Eq. (2.101) arises from combining the E∇ · Vg

term and the PW∇ · Vg term from Eq. (2.40).
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2.4.12 Pressure acceleration

The dP/dx pressure force term is applied to the spatial component of the
relativistic four-momentum density in a straightforward way,

Si(t + dt) = Si(t) − dt
(Pi − Pi−1)

dxia
. (2.103)

After this step, Ui and Vi are updated based upon the new values of Ei

Di, and Si from the pressure and grid calculations just completed.

2.4.13 Advection

The calculation of the advection of the matter variables, i.e. ∂(DV )/∂x,
∂(EV )/∂x, ∂(SV )/∂x, is probably the trickiest part of the whole
simulation. One must be very careful. Otherwise instabilities and/or in-
accuracies will arise.

2.4.14 Density advection

We consider the advection of coordinate density D first. The treatments
of energy and momentum advection are quite similar. The key to treating
advection is to convert the differential equation of the form

∂D

∂t
= −∂(DV )

∂x
(2.104)

to a properly zone-centered mass-conserving difference equation. Numer-
ous schemes have been proposed to find the best flux between the zones
(cf. [13]). The one described herein is the one currently favored by the
authors. It uses the concept of monotonicity introduced by Roe [20] and
Van Leer [26]. To conserve mass it is best to deal with the transferred
particle mass ∆M i

D into zone i from the zone below, so that the finite
differenced advection term becomes

Di(t + δt) = Di(t) − (∆M i+1
D − ∆M i

D)/Vol ib. (2.105)

The transferred mass is written in terms of an optimum interpolated
density (for mass flux) at the zone boundary during the time step,

∆M i
D = D̄i

fA
i
a(V

i − V i
g )dt. (2.106)

The interpolated flux density passing through the boundary, in turn, is
found from the best interpolated density gradient at the boundary, i.e.

if (V i − Vg) > 0, D̄i
f = Di−1 +

1
2
∇D̃i−1[dxi−1

b − (V i − V i
g )dt],

(2.107)
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if (V i − Vg) < 0, D̄i
f = Di − 1

2
∇D̃i[dxib + (V i − V i

g )dt]. (2.108)

The content of Eqs. (2.107) and (2.108) is simple. The quantity ∇D̃dx
is just the density difference at the boundary at the beginning of a time
step. At the end of a time step the zone transferring mass will decrease its
density by an amount ∇D̃V dt. Hence, Eqs. (2.107) and (2.108) give us a
guess of the density passing through the zone boundary midway through
the time step.

The entire trick to this method then reduces to finding the best average
density gradient ∇D̃i at each zone boundary. This becomes slightly com-
plicated when the density gradient is varying rapidly across a few zones
(i.e. as when a shock is passing). If one chooses a gradient which is too
large then too much mass will be transferred during a step and the density
will oscillate. To avoid this one chooses a gradient which best preserves
the monotonicity of density as a shock wave passes.

To calculate the density gradient one begins with a simple two-point
Lagrange interpolation of the average density at the zone boundary,

Di
a =

Didxi+1
b + Di+1dxib

dxib + dxi+1
b

. (2.109)

This may or may not be used to determine the density gradient, but it is
always used to establish the sign of the density gradient at each boundary.

Next, maximum and minimum densities around each zone are identified

Dmin = min {Di−1, Di, Di+1},
(2.110)

Dmax = max {Di−1, Di, Di+1}.

Several possible density differences are considered for the gradient
calculation. The optimum is chosen from the minimum of

∆Dmin ≡ 2 min {Dmax −Di, Di −Dmin}, (2.111)

and
∆Dmax = max (Dmax −Di, Di −Dmin, |∆Da|), (2.112)

where
∆Da = Di

a −Di−1
a . (2.113)

Thus, the optimum density gradient is then

∇D̃i =
min (2∆Dmin,∆Dmax)

dxib

∆Da

|∆Da| . (2.114)
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The average boundary density for D̄i
f is then evaluated from Eqs. (2.107)

and (2.108). The mass transferred through the boundary ∆M i is then
given from Eq. (2.106), and the coordinate density can be updated from
Eq. (2.105).

2.4.15 Energy advection

The above steps are repeated for the coordinate internal energy density
E which is updated from the transferred internal mass energy ∆M i

E ,

Ei(t + ∆t) = Ei(t) − (∆M i+1
E − ∆M i

E)/Vol ib, (2.115)

where
∆M i

E = Ēi
fA

i
a(V

i − V i
g )dt, (2.116)

and as before

if (V i − Vg) > 0, Ēi
f = Ei−1 +

1
2
∇Ẽi−1[dxi−1

b − (V i − V i
g )dt],

(2.117)
if (V i − Vg) < 0, Ēi

f = Ei − 1
2
∇Ẽi[dxib + (V i − V i

g )dt].

By repeating the steps leading up to Eq. (2.114), the optimum energy
density gradient is then

∇Ẽi =
min (2∆Emin,∆Emax)

dxib

∆Ea

|∆Ea| . (2.118)

2.4.16 Momentum advection

From the transferred mass in particle density ∆M i
D and internal energy

∆M i
E above, one then can construct an amount of transferred inertial

mass ∆M i
I for the momentum advection,

∆M i
I = ∆M i

D + ∆M i
E(Γi + Γi−1)/2, (2.119)

to be used in the evaluation of the momentum flux.
The momentum advection algorithm is based upon using the flux of

inertial density defined above, together with an interpolated four-velocity
U . Since the momentum density is centered on the zone boundaries, the
momentum flux must be defined in zone centers. Hence, we begin by eval-
uating zone-centered velocities and fluxes of inertial density. The three-
velocity is given by a simple average,

V i
b dt =

dt

2

(
Ui√

1 + U2
i

+
Ui−1√

1 + U2
i−1

− V i
g − V i+1

g

)
, (2.120)
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while the zone-centered four-velocity and inertial mass are determined by
Lagrange interpolation,

U i
b =

Uidx
i+1
a + Ui+1dx

i
a

dxia + dxi+1
a

, (2.121)

∆M i
Ib =

∆M i
Idx

i+1
a + ∆M i+1

I dxib
dxia + dxi+1

a
. (2.122)

Next, in the same way that we sought an optimum density gradient before,
we now wish to find an optimum derivative of the four-velocity ∇Ũ i at
each zone. The maximum and minimum velocities around each zone are
found:

Umin = min
{
Ui−1, Ui, Ui+1

}
, (2.123)

Umax = max
{
Ui−1, Ui, Ui+1

}
. (2.124)

We next define

∆Umin = min
(
Umax − Ui, Ui − Umin

)
, (2.125)

∆Ub = U i
b − U i−1

b , (2.126)

and select an optimum derivative,

∇Ũ i =
min {∆Umin, |∆Ub|}

dxia

(
∆Ub

|∆Ub|
)
. (2.127)

The zone-centered four-velocity for momentum transfer Ũ i is then eval-
uated,

Ũ i =
(
Ui +

1
2
∇Ũ i

[
dxia + V i

b dt

])
if V i

b > 0, (2.128)

Ũ i =
(
Ui − 1

2
∇Ũ i+1

[
dxia − V i

b dt

])
if V i

b < 0. (2.129)

The average transferred momentum ∆ΦS is then

∆Φi
S = ∆M i

IbŨ
i. (2.130)

Finally, the updated momentum density is

Si = Si − (∆Φi
S − ∆Φi−1

S )/Vol ia. (2.131)
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2.4.17 Completion of the cycle

With the densities and momenta thus updated it is necessary once more to
compute the pressures, densities and internal energies from the equation
of state, followed by updated velocities Ui and V i. The cycle is then
completed and one is ready to advance to the next time step.

As demonstrated in the test problems to follow, the algorithm described
in this subsection gives a reasonable description of the hydrodynamics
even for strong shocks and velocities close to c. The principle shortcom-
ing of the method given here is that the artificial viscous stress Q and
the Lorentz factor W are not well enough centered in time to give full
second-order accuracy. Some recent methods exist to center Q in time for
Newtonian hydrodynamics. As discussed in the viscosity section above, we
have not yet developed a method to center Q and W for fully relativistic
flows.

2.5 Test problems

In view of the complexity of numerically evolving even Newtonian or
special relativistic fluids, it is essential to have in hand a number of code
calibrations and checks. These checks are the only way to judge the magni-
tude of the numerical errors inherent in finite difference schemes. Possible
tests of particular interest in relativistic astrophysics have been summa-
rized at various times (e.g. Hawley et al. [12, 13], Centrella and Wilson
[4]). Here we summarize some of those tests which are most relevant to
special or general relativistic problems.

2.5.1 Shocks and jump conditions

There is a simple class of relativistic solutions which involve one-
dimensional shocks propagating through the grid. These are useful even as
a test of multi-dimensional codes, particularly if one propagates the shock
along various angles with respect to the grid. In the analytic solutions,
the shock is a discontinuity separating regions of constant velocity and
density V1, ρ1, ε1 on one side from the post-shock regions with velocity
V2, ρ2, ε2 on the other side. Each region is separately isentropic, but the
entropy is discontinuous across the shock, being higher in the post-shock
region. The relations between the two states for the simple problems de-
scribed here are derived by the application of conservation laws which are
referred to as jump conditions. Here we introduce the following notation
to denote conditions on either side of the shock,[

f

]
≡ f2 − f1, (2.132)
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where f1 and f2 are functions evaluated on the pre-shock and post-shock
sides of the discontinuity, respectively. Thus, for a Newtonian shock front
moving with constant velocity Vs we write [6, 12] the following jump
conditions. The conservation of mass implies,[

ρ(V − Vs)
]

= 0. (2.133)

The conservation of momentum flux gives,[
ρ(V − Vs)2 + P

]
= 0, (2.134)

and the conservation of energy condition leads to,[
ρ

(
V 2
s

2
+ ε

)
(V − Vs) + PV

]
= 0. (2.135)

From these relations the conditions on either side of the shock can be
determined in terms of those of the other side.

The generalization to special relativity of these conditions requires the
specification of a reference frame, and the application of the special rel-
ativistic equations previously derived. In a frame in which the shock is
moving with a constant four-velocity Us (and three-velocity Vs = Us/Ws),
the special relativistic generalization of the jump conditions can be writ-
ten [25] [

D(VWs − Us)
]

= 0, (2.136)[
(D + ΓE)U(VWs − Us) + (Γ − 1)EWs/W

]
= 0, (2.137)[

(D + ΓE)(UWs − UsW ) + (Γ − 1)EUs/W

]
= 0, (2.138)

where we have specifically assumed an equation of state of the form of
Eq. (2.18).

2.5.2 Relativistic wall shocks

The simplest test problems are those of an accelerating or stopping
wall shock. These problems provide a good test of the hydrodynamic
description of the jump conditions and shock heating in both Newtonian
and special relativistic regimes. Wall shock problems simply involve the
collision between a fluid of initial homogeneous density ρ1 and a wall
with reflecting boundary conditions at one end of the grid. A shock de-
velops at the wall leaving behind a post-shock region consisting of a fluid
at a density ρ2 heated to a specific internal energy ε2 as depicted in
Figure 2.3.
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Fig. 2.3. Compaction η = ρ2/ρ1 from a relativistic stopping wall shock
for a Γ = 5/3 fluid and initial conditions U1 = 1, D1 = 1, ρ1 = 1, and
W = 1.8.

2.5.3 Accelerating wall shocks

A more stringent test problem than the stopping wall shock for relativity
codes is that of the accelerating wall shock. In this case a fluid initially at
rest is impinged upon by a wall moving with relative velocity Vw. A shock
then developes which accelerates away from the wall. Obviously, in the
frame of the shock the two problems are invariant as to whether it is the
wall or the fluid which is moving with respect to the grid. Nevertheless, in
numerical simulations the problems are not the same. The accuracy of the
numerical algorithm is not Lorentz invariant. This leads to an interesting
test as discussed below.

The exact solution to the relativistic accelerating wall shock problem
is given in [25]. For the shock jump conditions, with U1 = V1 = 0 and
W1 = 1 in the unshocked material and U2, V2 = Vw,W2 denoting the
post-heated material, one has,

ρ1Vs = ρ2W2(Vs − V2), (2.139)

ρ2hU
2
2 + P2 = Vsρ2hW2U2 + P1, (2.140)

Vs(ρ2hW
2
2 − P2) − ρ2hW2U2 = Vs(ρ1h− P1), (2.141)
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These lead to the following relations. The compression ratio, η ≡ ρ2/ρ1,
becomes

η =
P2 − P1 + ΓP2U

2
2 /(Γ − 1)

W2(P2 − P1) − ρ1U2
2

. (2.142)

The velocity of the shock front in the frame of the unshocked fluid at
rest is

Vs =
P2 − P1 + ΓP2U

2
2 /(Γ − 1)

[ρ1 + ΓW2P2/(Γ − 1)]U2
. (2.143)

An auxiliary relation which can be used to find the post-shock pressure is

Vs

(
ρ2hW

2
2 − P2 − ρ1 − P1

Γ − 1

)
− ρ2hW2U2 = 0. (2.144)

An iterative method for the solution of this set of equations is discussed
in [25].

For numerical tests it is more convenient [5, 12, 13, 25] to consider the
limit of zero pre-shock internal energy (ε1 = P1 = 0). In this limit the
jump conditions simplify to the following relations for the accelerated wall
shock. The post-shocked pressure P2 is

P2 = ρ1[ΓW 2
2 − (Γ − 1)W2 − 1]. (2.145)

The compression ratio is

η ≡ ρ2

ρ1
=

[
Γ + 1
Γ − 1

+
Γ(W2 − 1)

Γ − 1

]
, (2.146)

and the shock velocity is

Vs =
(

1 + ΓU2
2 /(Γ − 1)

ρ1 + ΓW2P2/(Γ − 1)

)
P2

U2
. (2.147)

Thus, once the pre-shock density ρ1 and the velocity of post-shocked
fluid U2 = W2V2 are specified, the remaining variables can be deduced.
Note also, that in the laboratory frame, the shock front accelerates as the
pressure increases behind the shock.

2.5.4 Accelerating shocks in the Eulerian gauge

Relativistic accelerating shocks are very difficult to describe accurately
in the Eulerian gauge. Calculations are made of the coordinate density
D = Wρ. Hence, the calculated coordinate compression ratio in this case
is given by

D2

D1
≡ ηD = W1

[
Γ + 1
Γ − 1

+
Γ(W1 − 1)

Γ − 1

]
, (2.148)

= (W1 + ΓW 2
1 )/(Γ − 1). (2.149)
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Table 2.1 Summary of accelerating wall shock results

U W ηtrue ηcalc Error (%)

0.001 1.0 4.00 3.97 0.8
1.0 1.414 7.1 7.2 1.1
2.0 2.24 16. 17. 7.2
4.0 3.87 43.3 ∼50. 15.

10.0 10.05 267. ∼200. 30.

The coordinate compression ratio η is very large for large W1. The zone-
to-zone coordinate density ratio is also large in the shock. This leads
to poor numerical accuracy. In the Eulerian representation W ≈ 2 is
about as high as can be tolerated ( 10% error). To calculate accelerating
shocks the grid should be moved (Vg = Vs) to keep the zoning better.
For illustration, we have run accelerating shocks with a moving grid and
obtain the following results shown in Table 2.1 for Γ = 5/3.

As U increases the results become more erratic, i.e. fluctuations in zone-
to-zone density become large for high U . Hence, the mean compression
ratio becomes poorly defined. Grid velocities should be chosen so as to
avoid accelerating shocks with high velocities.

2.5.5 Stopping wall shocks

In the stopping wall shock, the fluid impinges on a stationary wall. This
also has a simple solution [5, 12, 13]. The relation for the compression
ratio is the same except that W2 → W1,

η =
[
Γ + 1
Γ − 1

+
Γ(W1 − 1)

Γ − 1

]
. (2.150)

In this case the specific internal energy can be determined by the jump
conditions or by equating the initial kinetic energy per nucleon to the
internal energy per nucleon in the post-shock region. This becomes

ε2 = W1 − 1, (2.151)

from which the pressure in the post-shock region can be written
analogously to the accelerating wall shock

P2 = ρ1[ΓW 2
1 − (Γ − 1)W1 − 1]. (2.152)
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Table 2.2 Summary of stopping wall shock results

U W ηtrue ηcalc Error (%)

0.001 1.0 4.00 4.02 0.5
0.458 1.1 3.864 3.865 0.03
1.0 1.41 3.57 3.53 1.1
1.732 2.00 3.25 3.20 1.5

10.0 10. 2.65 2.58 2.7
100. 100. 2.514 2.455 2.6

The main difference in this case is that the shock propagates with a
constant velocity in the rest frame of the fixed wall,

Vs = V1

/(
ρ2

ρ1

1
W1

− 1
)
. (2.153)

Though the form of these two problems is quite similar, in numerical
calculations the accuracy of the method is not Lorentz invariant. In the
Eulerian hydrodynamics discussed in this chapter, the calculated quantity
in a numerical solution is D not ρ. Hence, the jump condition for stopping
wall shocks becomes

D2

D1
=

η

W1
, (2.154)

while for accelerating shocks in which the wall is in motion relative to the
fluid we have

D2

D1
= ηW2. (2.155)

In practice, good results can be obtained for stopping wall shocks [16].
Figure 2.3 and Table 2.2 show examples of density calculated for a stop-
ping wall shock. Even for for W1 = 100 (V1 ≈ 0.99995c), the error in η
is only a few percent. However, for accelerating shocks the accuracy falls
below 1% even for W2 > 2 as illustrated in Table 2.1.

2.5.6 Relativistic rarefaction

A second good test of the advection scheme is the relativistic rarefaction
wave. This problem was first treated numerically by Centrella and Wilson
[4] and later solved analytically by Thompson [25]. We summarize the
solution of Thompson here.

In the rarefaction problem a high density region ρ1 with internal energy
ε1 is separated by a thin membrane from a region of negligible density
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and internal energy, ρ2, ε2 = 0. The membrane is removed at t = 0. A
rarefaction wave then propagates into the high density region at the speed
of sound cs, as material freely expands into region 2. If region 2 is a true
vacuum, the leading edge expands rapidly and cools to the point where
the speed of sound vanishes cs = 0.

The rarefaction solution begins with the definition of some auxiliary
variables,

y ≡
(

Γ
(Γ − 1)

P

ρ

)1/2

= y1

(
ρ

ρ1

)(Γ−1)/2

. (2.156)

We then have the density ρ and pressure P defined in the rarefaction in
terms of the y,

ρ = ρ1

(
y

y1

)2/(Γ−1)

, (2.157)

and

P = P1

(
ρ

ρ1

)Γ

, (2.158)

where the quantity y can be solved in terms of U the spatial component
of the four-velocity of the rarefaction wave,

y =
f2(y1) − f

√
Γ−1(U)

2f(y1)f (
√

Γ−1/2)(U)
, (2.159)

where the function f is defined,

f(x) ≡ x + (1 + x2)1/2. (2.160)

This gives ρ and P as a function of U . The speed of sound in the rarefac-
tion wave is also given by

c2s =
(Γ − 1)y2

1 + y2
. (2.161)

The velocity of material in the rarefaction wave can be given as a function
of U

V =
U

W
, W 2 = (1 + U2), (2.162)

and the location of material at a given velocity is given by a similarity
solution

x

t
= V − cs

W (1 − csV )
. (2.163)
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Fig. 2.4. Various regions in the shock tube problem. They are: (1) the
undisturbed high density fluid; (2) the rarefaction wave; (3) a region of
constant velocity and pressure which features a contact discontinuity sep-
arating regions of different density; (4) the shock itself; and (5) the undis-
turbed low density fluid.

2.5.7 Newtonian and relativistic shock tube

One of the most popular tests of numerical hydrodynamics is the one-
dimensional Riemann shock tube. In this test, hot dense fluid on one side
is separated by a membrane from cool rarefied gas on the other. The
membrane is removed at t = 0 and the high density fluid pushes into
the low density fluid, causing a rarefaction wave to move at the speed of
sound back through the high density fluid. At the same time, the inflow
of material into the low density region causes a shock to travel through
the low density material. Thus, this test encorporates both the shock and
rarefaction described in the previous problems.

Here, we first sketch the Newtonian shock tube solution. The gener-
alization to relativity involves a straightforward application of the wall
shock and rarefaction wave solutions given above and in [25].

As the fluid evolves, five distinct regions in the flow develop as depicted
in the density solution on Figure 2.4. From high density to low density
they are: (1) the undisturbed high density fluid; (2) the rarefaction wave;
(3) a region of constant velocity and pressure which features a contact
discontinuity separating regions of different density; (4) the shock itself;
and (5) the undisturbed low density fluid. Thus, this problem tests both
the advection scheme and the treatment of shocks.
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The Newtonian solution for the rarefaction wave is described by the
equation

x = (V − cs)t (2.164)

where cs(ρ, P ) is the speed of sound. For a Newtonian polytropic gas with
P = kρΓ, the speed of sound is,

c2s = ΓP/ρ. (2.165)

This leads to a similarity solution [12] for the rarefaction wave as a func-
tion of the parameter x/t which can be written,

cs = η2x

t
+

[
1 − η2

]
(cs)0, (2.166)

V =
[
1 − η2

]
[x/t− (cs)0], (2.167)

where η is the Newtonian limit of the compression ratio ρ/ρ1 from Eq.
(2.142),

η =
(

Γ + 1
Γ − 1

)
. (2.168)

From these relations P and ρ can be determined from the polytropic
equation of state and

ρ =
[
c2s
Γk

]1/(Γ−1)

. (2.169)

The rarefaction wave connects with the intermediate contact disconti-
nuity at the point at which the pressure and velocity of the wave equal
that of the post-shock region. That is, there is a shock wave moving into
the low density region with velocity

V = Vlow + (P − Plow)
[

(1 − µ2)
ρlow(P + µ2Plow)

]1/2

, (2.170)

and there is a rarefaction wave moving into the high density region with
a velocity

V = Vhigh − chighs + cs. (2.171)

The intersection of the two curves defined by these equations determines
the velocity and pressure of the intermediate region.

Having found the velocity and pressure in the intermediate region, the
Newtonian density in the intermediate region before the shock is given
from the polytropic relation

ρm = ρhigh

(
pmid

Phigh

)(1/Γ)

. (2.172)
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Fig. 2.5. Plots of specific internal energy ε, pressure P , density D, and
four-velocity U for a Γ = 5/3 relativistic shock tube with Wmax = 1.43.

However, the density in the post-shock region must be obtained by com-
bining the jump conditions at the shock boundary to to obtain [12]

ρs
ρlow

=
(

Γ + 1
Γ − 1

Ps

Plow
+ 1

)
/
(

Γ + 1
Γ − 1

+
Ps

Plow

)
. (2.173)

In all of the above, the internal energy ε can be obtained from the pressure
and density

ε = P/[(Γ − 1)ρ]. (2.174)

The relativistic generalization of the shock tube problem involves a
straightforward application of the relativistic rarefaction and wall shock
problems as sketched above and in [25]. Figure 2.5 shows results from the
one-dimensional code described in this chapter for a Γ = 5/3 gas with 500
spatial zones. The code was run until t = 50 and the maximum Lorentz
factor for this test is Wmax = 1.43. The agreement with the exact solution
is generally better than 1%.
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Fig. 2.6. Density versus zone number for a nonrelativistic Noh collapse in
(a) one, (b) two, and (c) three dimensions with initial conditions V0 = −1,
ρ0 = 1.
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Fig. 2.6 (cont.)

2.5.8 Newtonian Noh solution

The cylindrical and spherical versions of the Newtonian wall shock prob-
lem are referred to as the Noh shocks. The planar version is just the
Newtonian limit of the relativistic wall shock discussed in Section 2.5.5.
Although this set of problems is nonrelativistic, we mention it here as it
is a good test for the shock capturing (artificial viscosity) scheme. It is
also a good test for spherical supernova collapse codes to be discussed in
Chapter 5.

In the Noh problem an initially uniform gas of zero internal energy
moves toward the origin with constant radial velocity. As the collapse
ensues, a shock starts in the center as the infalling matter compresses and
heats to large pressure. Many codes designed to do spherical collapse do
very poorly on this problem. The reason is that simple artificial viscosity
treatments tend to produce large heating at the very center resulting
in a region of unphysical high heating and low density. Hence, this is an
excellent problem in which to test codes designed to do spherical collapse.

The Noh problem, as depicted in Figure 2.6, begins at t = 0 with a
Γ = 5/3 gas of uniform density ρ0 = 1 collapsing with a velocity V0 = −1.
The accreting material produces an outward going shock with velocity
Vsh = 1/3 for this equation of state from the Newtonian (W = 1) limit
of Eq. (2.153). The shock radius is therefore located at Rsh = tVsh = t/3.
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The conservation of mass causes the unshocked material to develop a
radial profile

ρ1 = ρ0(1 + t/r)(n−1), (2.175)

where n is the number of dimensions in the problem. Thus, the unshocked
density will rise to a value 4(n−1) times the initial density when it reaches
the shock boundary. This can be seen in the outer zones of Figure 2.6.
From the Newtonian jump condition at the shock boundary (Eq. (2.150)
with W → 1),

ρsh =
Γ + 1
Γ − 1

ρ1, (2.176)

for Γ = 5/3 we then have ρsh = 4ρ1(Rsh) = 64ρ0. The specific internal
energy in the shock heated region is derived simply by converting the
infalling specific kinetic energy into internal energy,

ε =
V 2

0

2
=

1
2
. (2.177)

The pressure is then given by the equation of state,

Psh = (Γ − 1)ρε, (2.178)

which in the present example is 64/3.
Some results from numerical calculations in one, two, and three dimen-

sions are shown in Figure 2.6. These can be summarized as follows. For
the first several zones, the artificial viscosity overheats the zones. Pressure
equilibrium then implies that the average densities of the first few zones
are below the values of 4, 16, and 64 expected by the jump condition
(2.176) for this example. (In this example we have 3.88, 15.03, and 50.9.)
However, the densities at several zones behind the shock are 4.022, 16.06,
and 63.7, in good agreement with expectations.

These results emphasize two points: (1) there is a need to suppress
preheating in smooth inward compressing flow; (2) it is necessary to re-
solve shocks sharply so that the shock does not become confused with the
∂ρ/∂r gradient outside the shock.

2.5.9 Homologous Newtonian collapse

Another related useful problem is that of homologous collapse and uniform
compression. In this case a uniform density distribution of radius r0 is
taken to have an the initial collapse velocity of

V = −V0(r/r0). (2.179)
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The collapse should be self similar. A fluid with uniform initial density ρ0

should remain uniform but grow exponentially,

ρ = ρ0e
{3V0t/r0}. (2.180)

In particular, there should be no heating.

2.5.10 Other test problems

Another good test of a code is how many zones are required to resolve a
static star. We tested the accuracy of the three-dimensional code described
in Chapter 3 and used in Chapter 7 by calculating static neutron star
properties. For example, we compared the central density calculated by
a highly zoned spherical computer program with the three-dimensional
code using significantly fewer zones. Even with only 14 zones in radius
the error in central density was less than 0.1%. The error increased to
∼1.0%, however, for a calculation with eight zones in the radial direction.

For codes written in spherical coordinates, tests should be made of
both planar shocks and linear slabs passing through the origin. Neither
the shock nor the slab should become distorted by passing through the
origin in spherical coordinates. For a discussion of advection in curvilinear
coordinates see Section 3.4.3.

We conclude this section with Table 2.3 which shows some other possi-
ble test problems and why they are useful. For more explanation see [5].
It is strongly recommended that one apply all of the even marginally rel-
evant tests to a code before applying it to a real problem. This is usually
the only way to quantify the limits and accuracy of a numerical code.

2.6 Application to heavy ion collisions

We wish to conclude this chapter with an example of a real application
of special relativistic hydrodynamics. Most of the numerical calculations
described in this book are in the context of astrophysical applications.
There are several environments of astrophysical phenomena which can
be adequately modeled using special (as opposed to general) relativistic
hydrodynamics. Some examples include the propagation of relativistic
jets in the interstellar medium, shock waves in accretion disks far from
a neutron star, hydrodynamic processes in radiation dominated stars,
collisions of high velocity stars and/or white dwarfs, and the early stages
of core-collapse supernova before the formation of the compact neutron
star (or far from the neutron star at late times). There is one application,
however, which occurs in the laboratory, and therefore is subject to closer
scrutiny. It is also an important means to study terrestrially the equation
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Table 2.3 Summary of useful test problems

Test Points tested

One dimensional
Standing wall shock [12] artificial viscosity
Accelerating wall shock [12] artificial viscosity/Lorentz

invariance
Relativistic rarefaction [25] advection
Riemann shock tube [25] advection and artificial viscosity
Noh collapse [17] artificial viscosity
Homologous collapse [12] advection
Uniform slab advection [12] advection of D and Sx

Two and three dimensional
Spherical pressureless slab V r = 0 stays spherical
Linear slab in spherical mesh curvilinear advection
Noh collapse [17] artificial viscosity
Wall shocks at 45◦ to mesh Cartesian advection
Wall shocks in spherical mesh spherical advection at r = 0
Taylor instabilities overall hydrodynamics
Helmholtz instabilities overall hydrodynamics
Orbiting equilibrium tori [12, 13] pressure and gravitational forces
Jeans ellipsoids [9] Newtonian hydrodynamics
Newtonian Homogen. Ellipsoids [21] density and velocity profiles
Equilibrium of Gen. Rel. Fluids [22] stability
Pulsation frequencies of relativistic dynamics near equilibrium

neutron stars [10]
General relativistic spherical dust general relativistic dynamics

collapse [18, 23]
Nonspherical dust infall to a black general relativistic dynamics

hole [19]

of state relevant to core-collapse supernovae and neutron stars. This is
the relativistic collision of two heavy nuclei.

Experiments have been carried out, for example at the Berkeley
Bevalac, in which heavy ions, e.g. 139La, 197Au, were made to collide at
laboratory energies of 0.5 to 1.3 GeV/nucleon and more. The associated
barycenter energies and nuclear temperatures are roughly comparable to
the binding energy per nucleon and central temperature of the nascent
neutron star formed during a supernova collapse. Hence, a hydrodynamic
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description of such heavy ion collisions is expected to be useful as a means
to constrain the equation of state to be used used to model supernova
collapse.

However, in order to make such comparisons, it is important to have
some confidence that colliding heavy ions can indeed be modeled as hy-
drodynamic Fermi nuclear fluids plus a possible bosonic (e.g. pion) contri-
bution. This is not immediately obvious. For example, the hydrodynamic
equations described herein implicitly assume a short particle mean free
path so that the particle distribution functions can be replaced by their
moments. One consequence of this is that fluids do not mix during a hydro-
dynamic single-fluid collision. However, the nuclear shell model indicates
that nucleons can be viewed as independent particles in a mean field. One
also knows that quantum mechanically the nuclear wave function must
be viewed as a Slater determinant of indistinguishable particles which
can easily mix during the collision. This has led to confusion as to the
applicability of hydrodynamics to simulate heavy ion nuclear collisions.

We wish to emphasize that this apparent dichotomy does not preclude
a hydrodynamic description for heavy ion collisions. The existence of a
mean nuclear field is itself the result of many nucleon-nucleon interactions.
Indeed, the experimental evidence discussed below is consistent with mul-
tiple nucleon–nucleon interactions during heavy ion collisions. We show
below that this is further enhanced by interactions with the hadronic
excitations during the collision.

Although a single-fluid hydrodynamic model does assume a short mean
free path, this assumption can be avoided by utilizing multiple fluids
and/or viscosity/heat flow to describe the various interactions involved
during the collisions. In this way, depending upon the coupling between
the colliding fluids, one can go from the limits of “transparent” nuclei to
complete nuclear stopping. Even if the hydrodynamic equations become
inappropriate for some component of the fluid (e.g. pions or neutrinos),
one can always evolve the full Boltzmann equation for the distribution
functions. Indeed, as we shall see in the chapter on supernovae, this be-
comes a necessity for the neutrino fluid as it escapes from the proto neu-
tron star.

For application to heavy ion collisions it is straightforward enough to
consider the nuclei as colliding Fermi nuclear fluids. The only aspects
missing from a classical hydrodynamic treatment are those arising from
explicit quantum mechanical effects such as asymmetrization and tunnel-
ing. Nevertheless, the bulk classical properties of the collision can be rep-
resented by classical hydrodynamics. Indeed, the model described below
is in excellent agreement with the distribution of pions from relativistic
heavy ion collisions. The collision of two nuclei inevitably exhibits a high
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degree of stopping as the two nuclear fluids merge. One wishes to know
whether this picture is justified on the basis of the microscopic exchange
of energy and momentum in the nucleon–nucleon interactions during a
heavy ion collision. This can be described in the context of a three-fluid
hydrodynamic model [31] which we now describe. This model explains the
stopping of central heavy ion collisions and thus justifies the application
of hydrodynamics to the process. This makes heavy ion collisions a viable
experimental probe of the supernova equation of state.

2.6.1 Hydrodynamics and heavy ion stopping

Since the one-fluid hydrodynamic model [16] necessarily implies com-
plete stopping of the head-on collisions of incoming nuclei, Wilson (1996)
investigated that assumption by the introduction of a three-fluid, one-
dimensional (planar) hydrodynamic model to study partial nucleon stop-
ping. In this work it was demonstrated that physically reasonable nucleon–
nucleon energy exchange could account for the high degree of stopping
observed in heavy ion collisions and justify the good agreement obtained
in one-fluid simulations.

In this model two of the fluids represent the initially right- and left-
moving nucleonic matter in the barycenter of mass. In proton–proton
collisions a small fraction of the proton kinetic energy appears as pions
of low kinetic energy in the barycenter frame. Hence, the third fluid is
associated with the energy produced by collisions producing pions, kaons,
and other hadronic matter. The equations of motion for this system are
thus,

∂Di

∂t
+

∂

∂z
(DiVi) = Ḋc

i , (2.181)

∂Ei

∂t
+

∂

∂z
(EiVi) + (Γ − 1)

Ei

Wi

(
∂

∂z
Vi +

∂Wi

∂t

)
= Ėc

i , (2.182)

∂Si

∂t
+

∂

∂z
(SiVi) +

∂

∂z

(
(Γ − 1)

Ei

Wi

)
= Ṡc

i , (2.183)

where i = r, l, e represents the rightward-moving, leftward-moving and
energetic collision-produced fluids, respectively. The motion is taken along
the z direction, so the four-velocity is

Uα = W (1, 0, 0, V ). (2.184)

Also, as usual, the fluids are taken to be perfect gases so that the pressure
can be written locally as

P = (Γ − 1)
E

W
. (2.185)
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In the above, the collision terms are derived by assuming a simple form
that conserves energy and momentum,

Ėc
r = Ėc

l = 0, (2.186)

Ėc
e = Ėc

lr + Ėc
re + Ėc

le, (2.187)

where
Ėc

lr = σ0δE0DlDr| Vr − Vl

1 − VrVl
|, (2.188)

Ėc
re = σeδEeDr(Ee/Mn)c, (2.189)

Ėc
le = σeδEeDl(Ee/Mn)c. (2.190)

For collisions of right- and left-moving fluids the following changes in
momentum density are consistent with the energy exchange,

Ṡc
r = −Ṡc

r = −Ėc
lr

[
∂T

∂Ee

/(
− ∂T

∂Sr
+

∂T

∂Sl

)]
, (2.191)

Ṡc
e = 0, (2.192)

where the time–time component of the energy momentum tensor is
written

T ≡
∑
i

Ti =
∑ [

(Di + ΓEi)Wi + (Γ − 1)
Ei

Wi

]
. (2.193)

For the interaction of the right-moving fluid with the energy fluid we have,

Ṡc
r = −Ṡc

e = −Ėc
re

∂T

∂Ee

[
Kr

Kr − Ir

/(
− ∂T

∂Sr
+

∂T

∂Se

)

− Ir
Kr + Ir

{
Sr

/((
∂T

∂Dr

)
(Dr + ΓEr)

)}]
, (2.194)

Ḋc
r = −Ḋc

e = −Ėc
re

∂T

∂Ee

(
Ir

Kr + Ir

/ ∂T

∂Dr

)
, (2.195)

where Kr is kinetic energy and Ir = Tr − Kr = Dr + Er is the non-
kinetic energy of the right-moving fluid. A similar equation holds for the
left-moving fluid.

The nucleon interaction cross-section σ0 and the energy exchange δE0

are determined from proton–proton data [31] to be

σ0 = 2.4(Ū − 1)1/10 fm2, (2.196)

δE0 = −3.0 + 1.61 log (6.5 + Ū/2) GeV, (2.197)
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where Ū ≡ |Ur−Ul|. At CERN energies (200 GeV/nucleon), for example,
δEmax

0 = 1.4 GeV and δEmean
0 = 0.8 GeV. At RHIC energies δEmax

0 = 4.2
GeV and δEmean

0 = 3.0 GeV.
The corresponding cross-section and exchange energy is neither well

known nor well defined for the nucleon/energy-fluid interaction. An order
of magnitude estimate is σe = 4.0 fm2, and δEe = 1.5 GeV. Fortunately,
results are rather insensitive to the product σeδEe over a broad range of
values.

The equations above for Ḋ, Ė, and Ṡ are solved by the same methods as
described in Section 2.4.1. The energy, density, and momentum exchanges
are small per time cycle. Hence, they can be evaluated after the advection
step (5). By use of the exchange terms, the heat flow and viscosity are
accounted for at a microscopic level.

Calculations performed in one dimension as outlined above should rep-
resent the on-axis behavior of central collosions very well for the short time
over which the calculations are made. Nuclei are initially represented by
the usual nuclear profiles from electron scattering. The initial rest mass
distribution is

ρ =
0.16 N/fm3

1 + exp[(z − z0)/δ]
, (2.198)

with z0 = 5.2 fm and δ = 0.56 fm. For CERN collisions in the center-of-
rapidity frame (used here) the initial Lorentz factor is W = 10.41 which
corresponds to 200 GeV/nucleon in the laboratory frame.

In [31] an investigation was made into the nonlinear effects of scattering
from the hadronic fluid by performing calculations with σe set to either
zero or a finite value. Calculations with σe = 0 represent collisions in
which only the nucleon–nucleon interactions occur, i.e. there are no addi-
tional interactions with the generated hadronic excitations. At late times,
when the nuclei have passed through each other, the energy fluid density
has its peak value. However, in the calculation with with σe = 0 the nu-
cleonic fluid distributions were almost unaltered. The Lorentz factors of
the nucleonic fluid only decreased from 10.4 to 9, while the density of the
nucleonic fluid has increased by about a ratio of 10.4/9. Only about 20%
of the initial kinetic energy was given to the energy fluid and the velocity
of the energy fluid is small just after formation. Earlier in the collision
there was some inward motion of the energy fluid induced by the nucleons
imparting inward momentum.

Figure 2.7, however, shows the energy fluid density distribution for
a calculation with σe = 4.0 fm2 at the time at which the density is a
maximum. In this case, over 99% of the baryonic initial kinetic energy is
transferred to the energy fluid. Also shown in Figure 2.7 is the density
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Fig. 2.7. Densities versus position at t = 1 fm/c for a three-fluid collision
at 200 GeV/nucleon with σe = 4.0 fm2. The solid curve is the total mass
energy density of the energy fluid (De + Ee) while the dotted curve is
the internal energy alone Ee. The dashed curve shows the mass energy
density that would occur in a one-fluid model at the same time.

profile that would result from a one-fluid model for colliding uniform-
density matter which initially had the same mean density as the nuclei
had in this three-fluid model. The density distribution in the the three-
fluid model has nearly the same peak but is slightly more diffuse in space
than the one-fluid model. This justifies the validity of the one-fluid model.

Since the cross-section for the nucleon/energy-fluid interaction is some-
what ad hoc, calculations were made for a variety of σe values in [31]. The
fraction of kinetic energy lost from the nucleons is shown in Figure 2.8.
It is seen that the stopping efficiency is rather insensitive to σe.

Given that the predicted stopping is insensitive to the value of σe,
calculations were also extended to energies characteristic of RHIC, i.e.
initial Lorentz factor ∼100. For σe = 0, only 7.4% of the nucleon energy
is converted to collisional energy (the energy fluid). The results with σe =
4.0 fm2 are presented in Figure 2.9. The stopping at the RHIC energy is
similar to the stopping at CERN energies. Of the initial kinetic energy,
98% is converted into the energy fluid. The fraction of kinetic energy
deposited in the energy fluid for the RHIC-like calculations is insensitive
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Fig. 2.8. Fraction of initial kinetic energy converted into the energy fluid
as a function of σe for collisions with 200 GeV/nucleon.
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Fig. 2.9. Same as Figure 2.7 but for three-fluid collisions at RHIC-like
energies (Lorentz factor 100).
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to σe, similar to the results in Figure 2.7. For the case of σe = 0, at both
CERN and RHIC energies, the depositied energy density varies almost
linearly with the magnitude of δE0. For the nominal value of σe = 4.0 fm2,
the deposited energy in both cases is insensitive to δE0 (e.g. a reduction
of δE0 by a factor of two produces negligible changes in the total energy
exchange).

2.6.2 Nuclear fluid plus pions

Having justified the high stopping power implied in one-fluid simulations,
we now consider one-fluid nuclear collisions as treated by McAbee and
Wilson [16]. In those simulations the baryonic component was described
with relativistic Navier–Stokes equations ((2.32)–(2.34)) in three spatial
dimensions as outlined in Section 2.2.2. The formation and evolution of
pions was computed in the context of Landau–Migdal theory to determine
the effective energies and momenta of the pions. The mean field model is
based upon the work of Friedman, Pandharipande and Usami [8], whereby
the pion energy is given by the following dispersion relation

ε2 = m2
π + p2

(
1 +

Λ2χ

1 − g′Λ2χ

)
, (2.199)

where

Λ2χ = − 4.52ωρ
mπ(ω2 − ε2)

exp
{
−2

(
p

7mπ

)2}
, (2.200)

and
ω =

√
m2

∆ + p2 −mN . (2.201)

In this equation, Mπ,m∆ and mN are the pion, delta, and nucleon rest
masses, respectively.

An important quantity in the above is the Landau parameter g′. This
is a density dependent quantity, taken to vary linearly with η ≡ (ρ/ρ0),

g′(η) = g1 + g2η. (2.202)

A key aspect of hydrodynamic simulations of the heavy-ion data is
the determination of this quantity from fits to pion data at low impact
parameter. Once g1 and g2 are fixed, the effect of pions on the equation
of state can be determined and the influence of the pions on supernova
evolution can be analyzed.

A comparison with experimental data requires specification of the pion
distribution function. The evolution of the distribution function f for the
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pions is described by,

ḟ + vµ
∂f

∂xµ
+ Fµ ∂f

∂pµ
=

vρσsc
γ

(
1
4π

∫
f(p′)dp′ − f

)
+

vρσabs
γ

(fBE − f),

(2.203)
where fBE is the equilibrium Bose–Einstein distribution. The pion three-
velocity in the local matter rest frame is given as

vi =
(
∂ε

∂p

)
pi

p
, (2.204)

and the force exerted by the mean field is

Fµ = −
(
∂ε

∂ρ

)
∂ρ

∂xµ
. (2.205)

The isospin-averaged cross-sections for pion absorption and scattering
were determined [16] from a fit to experimental cross-sections,

σabs =
1.75C(η)

1 + 6(
√
p2 + m2

π −mπ)
fm2, (2.206)

where η ≡ ρ/ρ0 with ρ0 = 0.16 fm−3, and

C(η) =
(2/3)η

1 + (η/3)
+

(1/3)η3

1 + (η4/16)
, (2.207)

and
σsc =

σ0

1 + η
+

8η
(1 + η)(1 + p/pc)

fm2, (2.208)

where

σ0 =
40(p/pa)5

1 + (p/pa)10
+

8(p/pb)5

1 + (p/pb)10
. (2.209)

The following parameters were found to fit the data, pa = 290 MeV/c,
pb = 1453 MeV/c, pc = 931.5 MeV/c.

To solve for the distribution function, a Monte-Carlo method was ap-
plied in [16] to the Boltzmann equation.

2.6.3 Solving the Navier–Stokes equation with pions

Once the pion distribution function is specified, the hydrodynamic evo-
lution can be obtained. To solve the viscosity and heat flow parts of the
hydrodynamic equations, a Lorentz boost is made at each zone to the
fluid frame of the state variables. Then the stress heat flow tensor Σµ

ν is
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E π

Fig. 2.10. Energy momentum dispersion relations for g′ = 0.5 + 0.06η
(Eq. (2.199)) and with the density parameter η ranging from 0 to 5 in
steps of one [16]. (Used by permission of Nuclear Physics A.)

evaluated (including the flux limiter corrections for the baryonic part).
The pion fluid frame distribution function f(p, x) is also used to form the
pion stress tensor,

Σµ
ν(pions) =

1
2

∫
f(p)gµε(vεpµ + vνpε)d2p. (2.210)

The total viscous stress is then boosted back to the computational frame
and used to solve the Navier–Stokes equations described in Section 2.2.2.

The pion dispersion relation was solved for various densities relevant
to the collisions. Some representative results are presented in Figure 2.10.
The coupling constant in the pion dispersion relation was varied to find
a good fit to the pion experimental data. The data were best fit with a
value of g′ = 0.5 + 0.06η.

The final results are summarized in Figure 2.11 and Table 2.4. The pion
spectra summarized in Figure 2.11 agree well with the observations when
the pion coupling is properly chosen.
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Fig. 2.11. Spectra of π− in the center of mass compared to experimental
data in the range 60◦ to 120◦. (Used by permission of Nuclear Physics A.)
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Table 2.4 Experimental and calculated π− multiplicities for several collision
energies from [16]

Nπ−
Energy Average KEπ Tpeak ηpeak

(GeV/nucleon) Experimental Calculated (MeV) (MeV)

0.246 – 0.56 64 27 2.3
0.520 4.0 4.00 77 47 3.0
0.740 8.5 8.32 87 57 3.4
1.350 21.3 21.23 106 75 3.5

Having determined the Landau coupling parameter g′(η) in this way,
the supernova equation of state was modified to incorporate pions in the
same way. This change was found to enhance greatly the supernova ex-
plosion, illustrating the importance of heavy-ion collisions as a check on
the dynamics of fluids in relativistic environments.
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3
General relativistic hydrodynamics

3.1 General relativity

As in special relativity, there are two basic coordinate choices which have
been employed to describe hydrodynamic flow in curved spacetime [2].
One choice is to force the spatial coordinate trajectories to coincide with
the matter flow. This is the Lagrangian or comoving gauge. Until Wilson
(1972) [4], all relativistic hydrodynamics employed this gauge (cf. [3] for a
review). The other choice is to remove the comoving restriction and evolve
the full Eulerian hydrodynamics equations. By using the gauge freedom
in the choice of the ADM metric shift vector βi (and/or the coordinate
grid velocity V i

g ) it is possible [1, 2] to recover partially the comoving limit
even in the Eulerian gauge.

The Lagrangian approach has some advantages, particularly for prob-
lems with spherical symmetry. For one, the entropy follows the mass
points and is only changed by shocks or an external heat source (i.e. heat
flow and viscosity). Another advantage is that velocity and density are re-
lated in a simple fashion. We will discuss an application of the Lagrangian
method in Chapter 5 on supernova models.

There are, however, some significant disadvantages to the Lagrangian
coordinates. Shock-wave discontinuities lead to metric derivative discon-
tinuities, and vorticity leads to a nonlocal connection of fluid elements.
Hence, comoving coordinate lines can become tangled and no longer
simply related to spatial coordinates. For example, see the section in
Chapter 2 on accelerating shock waves.

The advantage of an Eulerian description is that the metric can re-
main smooth and well defined even in the presence of complicated fluid
flow. Hence, it is the best suited gauge for multi-dimensional flow. Its

75



76 3 General relativistic hydrodynamics

disadvantage, however, is that steep gradients in state variables can be
difficult to resolve numerically.

In practice we recommend only to use Lagrangian comoving coordi-
nates for situations of such symmetry that only one spatial coordinate
is necessary. The steep gradients in Eulerian systems can be managed by
moving the coordinates so as to follow the matter as closely as possible,
either by a judicious choice of the ADM shift vector or by employing a
mixed Eulerian–Lagrange scheme as described below.

As noted in Chapter 1, we will make use of geometrized units (G = c =
1). We also make extensive use of the metric in ADM (3 + 1) form,

ds2 = −(α2 − βiβ
i)dt2 + 2βidxidt + γijdx

idxj , (3.1)

where we take Greek indices to run over four coordinates and Latin indices
to run over spatial coordinates. α is called the lapse function, βi is the
shift vector, and γij is the three-space metric. We define

γ =
√

det(γij). (3.2)

We also make use of the general relation for ADM coordinates,

det(gαβ) = −α2γ2, (3.3)

in presenting the equations of hydrodynamics.

3.2 General relativistic hydrodynamics

Here we present the equations of hydrodynamics in Eulerian form. In
the coming chapters, the only place we will use a Lagrangian coordinate
system is in the chapter on spherical supernova collapse. There, we will
develop the appropriate equations.

3.2.1 State variables

The basic hydrodynamic state variables we define as follows.
As in the special relativistic formalism of the previous chapter, ρ is

the local proper baryon rest-mass density which is simply related to the
baryon number density n by ρ = mNn. ε is used to denote the inter-
nal energy per gram of the fluid. It is convenient to follow two different
spatial velocity fields. One is Ui, the spatial components of the covari-
ant four-velocity. The other is V i, the contravariant coordinate matter
three-velocity. V i is related to the four-velocity

V i =
U i

U t
=

γijUj

U t
− βi, (3.4)
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where a shift vector βi is often chosen to minimize coordinate fluid motion
with respect to the shifting ADM grid and to keep the fluid coordinates
in step with the metric coefficients.

Similar to the special relativity discussion of Chapter 2, we can intro-
duce a Lorentz-like variable

W ≡ αU t, (3.5)

where now the gravitational time dilation is accounted for in the extra
factor α. The spatial three-velocity becomes,

V i =
U i

U t
=

αγijUj

W
− βi. (3.6)

As in the previous chapters, it is again convenient to remove the pres-
sure as a variable by introducing an equation of state index

Γ = 1 +
P

ρε
. (3.7)

Next, we introduce the same Lorentz-contracted state variables [5] as
in the special relativity discussion in Chapter 2. Using these it becomes
possible to write the relativistic hydrodynamic equations in a form which
is similar to the Newtonian counterparts.

The coordinate baryon mass density is written,

D = Wρ, (3.8)

the coordinate internal energy density,

E = Wρε, (3.9)

and the covariant momentum density,

Sµ = (D + ΓE)Uµ. (3.10)

We begin with the hydrodynamic equations for a perfect fluid. (We
consider an imperfect fluid in the next section.) For a perfect fluid the
energy momentum tensor only differs from the special relativistic version
by the replacement of gµν for ηµν . Thus, we write,

Tµσ = (ρ + ρε + P )UµUσ + Pgµσ. (3.11)

For general relativistic hydrodynamics it is convenient to work with the
mixed form,

T ν
µ = gσνTµσ = (ρ + ρε + P )UµU

ν + Pδνµ, (3.12)

which in terms of our new state variables can also be written

T ν
µ =

SµS
ν

St
+ Pδνµ. (3.13)



78 3 General relativistic hydrodynamics

3.2.2 Equations of motion

With our definitions in place, it is now possible to impose the constraint
conditions on the stress energy tensor and state variables. The simplest
condition is that of continuity, which in general relativity becomes(

ρUµ
)

;µ
=

(
DV µ

)
;µ

=
1√
g

∂

∂xµ

(√
gDV µ

)
= 0. (3.14)

Baryon number conservation then takes the form

Ḋ + D
γ̇

γ
+

1
γ

∂

∂xi
(γDV i) = 0, (3.15)

where Ḋ denotes differentiation with respect to coordinate time. Here, we
see that a difference between general and special relativity enters through
the appearance of terms containing γ ≡

√
det(γij). These γ terms can be

thought of as factors necessary to maintain proper coordinate volume. In
addition, there will be gravitational acceleration terms.

The vanishing of the spatial components of the divergence of the energy
momentum tensor,

Tµ
i;µ = 0, (3.16)

leads to the general relativistic momentum equation,

1
γ

∂(Siγ)
∂t

+
1
γ

∂(SiV
jγ)

∂xj
+ α

∂P

∂xi
+

1
2
∂gαβ

∂xi
SαSβ

St
= 0. (3.17)

The first two terms are advection terms familiar from Newtonian fluid
mechanics. The latter two terms comprise the pressure and gravitational
forces. We can then expand the gravitational acceleration into individ-
ual contributions from metric variables. Thus, the momentum equation
becomes

Ṡi + Si
γ̇

γ
+

1
γ

∂

∂xj
(SiV

jγ) + α
∂P

∂xi
− Sj

∂βj

∂xi

+ (D + ΓE)
(
W

∂α

∂xi
+

UkUj

2W
∂γjk

∂xi

)
= 0. (3.18)

Finally, the energy equation that we will use is derived by projecting
the divergence of Tµν , (

UµT
µν

)
;ν

= 0. (3.19)

In our notation this becomes

Ė + E
γ̇

γ
+

1
γ

∂

∂xj
(EV jγ) +

P

γ

[
∂(Wγ)

∂t
+

∂

∂xj
(WV jγ)

]
= 0. (3.20)
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Equivalently, we can write P = (Γ − 1)E/W and collect the terms with
(γ̇/γ) to yield an equation which is easier to solve numerically,

Ė + ΓE
γ̇

γ
+

1
γ

∂

∂xi
(EV iγ) + (Γ − 1)E

[
Ẇ

W
+

1
γW

∂

∂xi
(WV jγ)

]
= 0.

(3.21)

3.2.3 Viscosity and heat flow

As in special relativity we can extend these equations to the form of the
Navier–Stokes equations by adding an additional stress term Σµν to Tµν .

Tµν = (ρ(1 + ε) + P )UµUν + gµνP + Σµν , (3.22)

where the viscous stress tensor Σµν is as defined in Eq. (2.27). Now Σµν

can be boosted by a Lorentz transformation into the Eulerian frame. Addi-
tional terms must then be added to the momentum and energy equations.
On the right side of the momentum equation (3.18) we add

= − 1√
g

∂

∂xν

(√
gΣν

i

)
+ Γλ

iνΣ
ν
λ, (3.23)

and to the right-hand side of the energy equation ((3.20) or (3.21)) we add

=
(
UµΣν

µ

)
;ν
− Σν

µU
µ
;ν . (3.24)

3.2.4 Grid velocities

To make the grid follow the fluid motion better, we introduce grid veloc-
ities, V i

g . (Note that this is not equivalent to introducing a shift vector.)
The perfect fluid equations are then:

Ḋ + D
γ̇

γ
+

1
γ

∂

∂xi

(
γD(V i − V i

g )
)

+
D

γ

∂

∂xi

(
γV i

g

)
= 0, (3.25)

Ṡi + Si
γ̇

γ
− 1

γ

∂

∂xj

(
Si(V j − V i

g )γ
)

+
Si

γ

∂

∂xi

(
γV i

g

)
+ α

∂P

∂xi

− Sj
∂βj

∂xi
+ (D + ΓE)

(
W

∂α

∂xi
+

UkUj

2W
∂γjk

∂xi

)
= 0, (3.26)
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Ė + ΓE
γ̇

γ
+

1
γ

∂

∂xi

(
E(V i − V i

g )γ
)

+
ΓE
γ

∂

∂xi

(
γV i

g

)

+ (Γ − 1)E
[
Ẇ

W
+

1
γW

∂

∂xi

(
W (V i − V i

g )γ
)]

= 0. (3.27)

Note that V i
g has spatial components only.

3.3 Difference equations

3.3.1 General relativistic hydrodynamics in one dimension

We will first discuss the difference between the special relativistic differ-
ence equations as solved in Chapter 2 and their general relativistic one-
dimensional counterparts. Afterward, we will outline how one takes the
one-dimensional algorithms into three dimensions.

3.3.2 Operator splitting

Here, as in Chapter 2, we make use of operator splitting. That is, quanti-
ties are advanced in time by evaluating terms in the evolution equations
one after another. As in Chapter 2, the order in which these equations
are used is important. For a general relativistic calculation we have found
that the following order works well:

1. acceleration by pressure gradients
2. viscosity
3. velocities
4. pressure, heating, cooling
5. advection
6. velocities again
7. time step
8. grid
9. metric calculation
10. γ̇/γ proper volume terms
11. output and post processing when appropriate.

3.3.3 Proper volume terms

First we consider terms involving (γ̇/γ) in Eqs. (3.25), (3.26), and (3.27).
When the field variables are updated, a new volume factor γ is calculated.
The state variables are then updated as

D′ = D
γ

γ′
, E′ = E

(
γ

γ′

)Γ

, S′ = S
γ

γ′
, (3.28)
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where the prime denotes a new value and the coordinate index on the
momenta is dropped as we are considering a system with only one dynamic
dimension. Note that this conserves these quantities exactly as the metric
is updated.

3.3.4 Advection in one dimension

Next we treat the advection terms, e.g.

1
γ

∂

∂x

(
γDV

)
. (3.29)

To simplify the difference equation, we first make the replacement,

D̂ = γD, Ê = γE, Ŝ = γS. (3.30)

Then, the advection parts of Eqs. (3.25), (3.26), and (3.27) become,

∂D̂

∂t
+

∂

∂x

(
D̂(V − Vg)

)
= 0, (3.31)

∂Ê

∂t
+

∂

∂x

(
Ê(V − Vg)

)
= 0, (3.32)

∂Ŝ

∂t
+

∂

∂x

(
Ŝ(V − Vg)

)
= 0. (3.33)

These advection terms can then be treated numerically (using the veloci-
ties (V − Vg)) exactly as they were treated in Chapter 2. The new D, E,
and S, are then restored to their proper values by dividing by γ.

3.3.5 Grid velocity advection

Next, the grid velocity advection is evaluated by forming the divergence
of (γVg). Henceforth, where simple spatial derivatives are used we will
just use ∂/∂x instead of its finite differenced form.

Let,

∇Vg ≡ 1
γ

∂

∂x

(
γVg

)
. (3.34)

Then we have,
D′ = De−∇Vg∆t, (3.35)

E′ = Ee−Γ∇Vg∆t, (3.36)

S′ = Se−∇Vg∆t. (3.37)
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The last term in the energy equation (3.27) is of the form

Ė = −(Γ − 1)E
[
Ẇ

W
+

1
γW

∂

∂xi

(
W (V − Vg)γ

)]
. (3.38)

The (Ẇ/W ) term is evaluated exactly as in Chapter 2 (cf. Eq. (2.88)),
i.e.

E′ = E

(
W

W ′

)Γ−1

. (3.39)

The remaining term becomes

E′ = E exp
{
−(Γ − 1)∆t

γW

∂

∂x

(
W (V − Vg)γ

)}
. (3.40)

The W inside the derivative is evaluated at the zone nodes and the W
outside the derivative is an average of the nodal values. The γ outside is
zonal centered so that the γ inside the derivative is taken as an average
of the zonal γ to make nodal γ.

3.3.6 Pressure acceleration

Next, the pressure acceleration is straightforward. The only difference
with special relativity (Section 2.4.12) is the presence of the α factor in
front of the gradient. We update the momentum density in a straightfor-
ward way,

S′ = S − ∆t ᾱ
∂P

∂x
, (3.41)

where in one dimension, ᾱ = (α(i)+α(i−1))/2) is a node-centered average
value for α.

3.3.7 Metric acceleration

Finally, the metric acceleration terms are simply,

Ṡ − S
∂β

∂x
+ (D + ΓE)W

(
∂α

∂x
+

U2

W 2

∂γxx

∂x

)
= 0. (3.42)

These can be applied in two steps:

S′ = Se∆t∂β/∂x, (3.43)

and

S′′ = S′ − ∆t (D + ΓE)W
(
∂α

∂x
+

U2

W 2

∂γxx

∂x

)
. (3.44)
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The variable centering for this is again straightforward. It simply requires
that (D + ΓE) be averaged over adjacent zones.

3.4 Multi-dimensional difference equations

The finite difference equations begin to appear more complicated as one
goes to higher dimensions. The main difference with the one-dimensional
form described above is that the centering of different scalar quantities
and vector components must be done carefully to maintain accuracy dur-
ing the simulation. Hence, we begin with a discussion of optimum cen-
tering for the variables, and then discuss the numerical solution of the
hydrodynamics.

3.4.1 The grid

The locations of the coordinate variables for a three-dimensional calcula-
tion are shown in Figures 3.1 and 3.2.

We introduce a finite grid of points x(i), y(j), z(k), labeled by inte-
gers i, j, k. x, y, z are not necessarily Cartesian at this point. However,
we will take the coordinates to be locally orthogonal. We can thus think
of a cube to represent the space for one zone as depicted in Figure 3.1.
xa(i, j, k), ya(i, j, k), and za(i, j, k) are the coordinates of the lower left
corner of the grid. Let xb(i, j, k) be between xa(i, j, k) and xa(i + 1, j, k)
weighted such that xa and xb form smooth arrays in space. Similarly we
define yb(i, j, k) and zb(i, j, k).

x

y

z

za (k+1)

ya ( j+1)

xa (i+1)
(xa (i ), ya ( j), za (k))

zb (k)

yb ( j)
xb (i)

Fig. 3.1. Schematic representation of the cube representing one grid zone.
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βx , Vx

βy , Vy

βz , Vz
Ux

U

yU
z

x

y

z

Fig. 3.2. Schematic representation of the centering of vectors in the spatial
grid.

Next we define differences in coordinate positions as

∆xa(i, j, k) = xb(i, j, k) − xb(i− 1, j, k), (3.45)

∆xb(i, j, k) = xa(i + 1, j, k) − ∆xa(i, j, k), (3.46)

with similar relations for ∆ya, ∆yb, ∆za, ∆zb.
Having selected a coordinate grid we now assign spatial positions to the

fluid variables. State variables like D(i, j, k), E(i, j, k), and W (i, j, k) will
be centered at (xb, yb, zb), i.e. centered inside the zone cube. Differential
quantities like Sx, Sy, Sz and Ux, Uy, Uz are centered at the nodes of the
cube, i.e. at points xa, ya, za. Scalar metric parameters, i.e. α, γ, γij are
centered along with the state variables in the grid cube. However, the
metric shift vectors βx, βy, βz along with the three velocities Vx, Vy, Vz

are centered on the cube faces, e.g. βx appears at xa, yb, zb. The cen-
tering of various spatial vector components is depicted schematically in
Figure 3.2.

3.4.2 Advection

The change of densities by the change in the metric volume factors is
made the same way as in the one-dimensional case (cf. Eq. (3.28)) at the
time the new spatial metric is evaluated.
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The advection terms for D and E are performed by a coordinate trans-
formation to D̃ and Ẽ in the same manner as for the one-dimensional case.
For multi-dimensional problems, the advection is made in each direction
separately. There is, however, a possible centering error arising from the
order of advecting in the different directions sequentially. To overcome
this, the order of advection is alternated, i.e. first advection is done in the
x1, x2, x3 directions for half a time step. Then the calculation is done in
the order x3, x2, x1 in the second half step. If only two directions are being
considered, a similar mixing of ordering is used in those two directions.

On each zonal face, the fluxes of inertial density (D+ΓE) are evaluated
in the same manner as for special relativity (see Section 2.4.16). Call the
flux of inertial density (D + ΓE) in the direction i as fi. Now think of
a cube surrounding the node where Si (and Ui on Figure 3.2) resides.
Average the fi on the node-centered faces of that cube. This gives the
flux of inertial mass in and out of the cube. Next, it is necessary to
find the four-velocity components Ũj to be associated with the mass fluxes.
The line joining nodes is in the center of these momentum faces so that
the Ũj are calculated on each line by the same method as used in the
special relativity discussions (Section 2.4.16, Eqs. (2.127), (2.128)). The
fluxes across the faces are then formed by the products fiŨj . Hence,

S′
i = Si +

∑
j

fjŨi. (3.47)

The j summation is over all six faces of the cube.

3.4.3 Advection in curvilinear coordinates

In the case of curved coordinates it is best to advect Cartesian specific
momenta rather than the coordinate momenta. For example, in cylindrical
coordinates with momentum components, Sr, Sz, Sθ, the corresponding
Cartesian values are:

Sx = Sr cos θ − Sθ sin θ

r
, (3.48)

Sy = Sr sin θ +
Sθ cos θ

r
, (3.49)

Sz = Sz, (3.50)

and
Ux = Ur cos θ − Uθ sin θ

r
, (3.51)

Uy = Ur sin θ +
Uθ cos θ

r
, (3.52)
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Uz = Uz. (3.53)

Once these are evaluated, the zone-centered four-velocities Ũx, Ũy, Ũz for
the momentum transfer are then calculated as in Eqs. (2.128) and (2.129).
Then, after calculating the new values for Sx and Sy, the momentum
components are transformed back to the r, z, θ frame.

Note that this process has already taken into account the centrifugal
forces that would arise from the term (∂gθθ/∂r). This is compensated for
by replacing (∂gθθ/∂r) with

1
r

∂

∂r

(
rgθθ

)

in the gravitational field acceleration terms.
After all advection steps have been completed the D̂, Ê, and Ŝi are di-

vided by the appropriate γ factor to restore D, E, Si as proper coordinate
densities.

3.4.4 Pressure terms

Next we evaluate the multi-dimensional PdV terms,

Ė = −(Γ − 1)E
[
Ẇ

W
+

1
γW

∂

∂xi

(
(Wγ(V i − V i

g )
)]

. (3.54)

The terms involving Ẇ and ∂W/∂xi are treated later in the velocity
update, as W is derived from the four-velocity. Thus, here we only update
the term

Ė = −(Γ − 1)E
[

∂

∂xi

(
(γ(V i − V i

g )
)]

. (3.55)

We begin by averaging γ to form face-centered values of the curvature-
scaled velocity, V i

g γ (face-centered). Then, the derivatives dV i
g /dx

i can be
taken along the three directions. The energy is then updated, i.e.

E′ = E exp
{
−(Γ − 1)

γ

∇ · (
Vgγ)∆t

}
. (3.56)

Here, a sketch of how this is done in FORTRAN is helpful. We will in-
troduce a simple compact notation whereby do i,j,k denotes a loop over
all the grid indices. The reader must determine from the context whether
the indices begin and end with the first and last indices, or one or two
indices from either end. The end of all three loops will be denoted with a
single enddo, though this would be repeated for each index in a real code.
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do i, j, k
Ax(i, j, k) = (Vx(i, j, k) − V g

x (i, j, k)) ∗ (γ(i− 1, j, k) + γ(i, j, k))/2
Ay(i, j, k) = (Vy(i, j, k) − V g

y (i, j, k)) ∗ (γ(i, j − 1, k) + γ(i, j, k))/2
Az(i, j, k) = (Vz(i, j, k) − V g

z (i, j, k)) ∗ (γ(i, j, k − 1) + γ(i, j, k))/2
enddo

do i, j, k
qx = (Ax(i + 1, j, k) −Ax(i, j, k))/∆xb(i)
qy = (Ay(i, j + 1, k) −Ay(i, j, k))/∆yb(j)
qz = (Az(i, j, k + 1) −Az(i, j, k))/∆zb(k)
divv = (qx + qy + qz)
E(i, j, k) = E(i, j, k) ∗ exp[−(Γ(i, j, k) − 1) ∗ divv ∗ ∆t/γ(i, j, k)]
enddo

In the above, we have assumed as usual that the adiabatic index Γ is a
slowly varying function of D and E and t.

3.4.5 Velocity update

Next we give the method of calculating the velocities. As in Chapter 2, at
the same time as velocities are recalculated, the changes of E due to W
changes are concurrently calculated. As in special relativity (Eqs. (2.83)
and (2.84)) we calculate the covariant four-velocities Ui from the momen-
tum density Si. To do this we must first evaluate an inertial density

σ(i, j, k) = D(i, j, k) + Γ(i, j, k)E(i, j, k), (3.57)

then divide the momentum density Si by the appropriately node-centered
inertial density σ̄,

Ux(i, j, k) = Sx(i, j, k)/σ̄(i, j, k). (3.58)

To show how this is done in three dimensions, we here sketch some of
the relevant FORTRAN.

do i, j, k

x1 =
(
σ(i, j, k) ∗ ∆xb(i) + σ(i− 1, j, k) ∗ dxb(i− 1)

)
∗ ∆yb(j) ∗ ∆zb(k)

x2 =
(
σ(i, j − 1, k) ∗ ∆xb(i) + σ(i− 1, j − 1, k) ∗ ∆xb(i− 1)

)
∗ ∆yb(j − 1) ∗ ∆zb(k)
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x3 =
(
σ(i, j, k − 1) ∗ ∆xb(i) + σ(i− 1, j, k − 1) ∗ dxb(i− 1)

)
∗ ∆yb(j) ∗ ∆zb(k − 1)

x4 =
(
σ(i, j − 1, k − 1) ∗ ∆xb(i) + σ(i− 1, j − 1, k − 1) ∗ ∆xb(i− 1)

)
∗ ∆yb(j − 1) ∗ ∆zb(k − 1)

qq = 8.0 ∗ ∆xa(i) ∗ ∆ya(j) ∗ ∆za(k)/(x1 + x2 + x3 + x4)
Ux(i, j, k) = Sx(i, j, k) ∗ qq
Uy(i, j, k) = Sy(i, j, k) ∗ qq
Uz(i, j, k) = Sz(i, j, k) ∗ qq
enddo

Next, the face-centered contravariant velocities V x, V y, V z and the cor-
responding face-centered W factors Wx,Wy,Wz are calculated. Note
that the notation Wx refers to centering along the x face (cf. Figure 3.2
x–z plane) of the nodal grid cube. It is not a vector component. With
appropriately face-centered W factors, we use Eq. (3.4) to find V i,

V i =
U i

U t
=

αγijŪj

W
− βi, (3.59)

where the bar denotes a face-centered average of Ui. We next illustrate
how to generate face-centered xa quantities. Averaging on the other faces
can be achieved by an obvious extension.

The face-centered four-velocities are found by averaging over the four
nodes around each face:

do i, j, k

Ūx(xa) =
(
Ux(i, j, k) +Ux(i, j+1, k) +Ux(i, j, k+1) +Ux(i, j+1, k+1)

)
/4

Ūy(xa) =
(
Uy(i, j, k) +Uy(i, j+1, k) +Uy(i, j, k+1) +Uy(i, j+1, k+1)

)
/4

Ūz(xa) =
(
Uz(i, j, k) +Uz(i, j+1, k) +Uz(i, j, k+1) +Uz(i, j+1, k+1)

)
/4

where here the (xa) reminds us that the average was made on the xa face.
Henceforth, however, we drop this notation. Next we can form the con-
travariant Ū i. For this example we will assume that γij is diagonal as is the
case for most applications discussed in this book. First the face-centered
γii is found,

γ̄xx(i, j, k) = (γxx(i, j, k) + γxx(i− 1, j, k))/2
γ̄yy(i, j, k) = (γyy(i, j, k) + γyy(i− 1, j, k))/2
γ̄zz(i, j, k) = (γzz(i, j, k) + γzz(i− 1, j, k))/2
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then the contravariant Ū i is formed

Ūx = Ūx ∗ γ̄xx
Ūy = Ūy ∗ γ̄yy
Ū z = Ūz ∗ γ̄zz

The face-centered lapse function is simply

ᾱ = (α(i, j, k) + α(i− 1, j, k))/2

The xa-centered Lorentz-like factor Wxa can then be determined

Wxa(i, j, k) =
√

(1.0 + ŪxŪx + ŪyŪy + ŪzŪ z)

and the face-centered x component of the three-velocity determined

V x(i, j, k) = ᾱ(i, j, k) ∗ [Ūx/Wxa(i, j, k)] − βx(i, j, k)
enddo

The above loop is then repeated for the other two directions.

3.4.6 Energy PdV velocity terms

To update the velocity dependent PdV terms in the energy equation, we
must first evaluate a cube-centered W and four-velocities.

The cube-centered four-velocities Ũi are formed by averaging around
the eight corners of the cube

do i, j, k

Ũx = [Ux(i, j, k) + Ux(i + 1, j, k) + Ux(i, j + 1, k) + Ux(i, j, k + 1)
+Ux(i + 1, j, k + 1) + Ux(i, j + 1, k + 1) + Ux(i + 1, j + 1, k)
+Ux(i + 1, j + 1, k + 1)]/8

Ũy = [Uy(i, j, k) + Uy(i + 1, j, k) + Uy(i, j + 1, k) + Uy(i, j, k + 1)
+Uy(i + 1, j, k + 1) + Uy(i, j + 1, k + 1) + Uy(i + 1, j + 1, k)
+Uy(i + 1, j + 1, k + 1)]/8

Ũz = [Uz(i, j, k) + Uz(i + 1, j, k) + Uz(i, j + 1, k) + Uz(i, j, k + 1)
+Uz(i + 1, j, k + 1) + Uz(i, j + 1, k + 1) + Uz(i + 1, j + 1, k)
+Uz(i + 1, j + 1, k + 1)]/8

Then the contravariant form is computed

Ũx = Ũx ∗ γxx(i, j, k)
Ũy = Ũy ∗ γyy(i, j, k)
Ũz = Ũz ∗ γzz(i, j, k)
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and the new zone-centered W evaluated

Wnew(i, j, k) =
√

(1.0 + (Ũx ∗ Ũx + Ũy ∗ Ũy + Ũz ∗ Ũ z)

With W properly centered, we can now update the Ẇ term in the
energy equation using the face-centered W

E(i, j, k) = E(i, j, k) ∗ (W (i, j, k)/Wnew)(Γ(i,j,k)−1)

W (i, j, k) = Wnew

enddo

Finally, we update the P (V i−V i
g )∂W/∂xi term in the energy equation

as follows:

do i, j, k

qx =
[
V x(i, j, k) + V x(i + 1, j, k)) − V x

g (i, j, k) − V x
g (i + 1, j, k)

]

∗
(
Wxa(i + 1, j, k) −Wxa(i, j, k)

)
∗ ∆t/2∆xb(i)

qy =
[
V y(i, j, k) + V y(i, j + 1, k)) − V y

g (i, j, k) − V y
g (i, j + 1, k)

]

∗
(
Wya(i, j + 1, k) −Wya(i, j, k)

)
∗ ∆t/2 ∗ ∆yb(j)

qz =
[
V z(i, j, k) + V z(i, j, k + 1)) − V z

g (i, j, k) − V z
g (i, j, k + 1)

]

∗
(
Wza(i, j, k + 1) −Wza(i, j, k)

)
∗ ∆t/2∆zb(k)

∇V = (qx + qy + qz)/W (i, j, k)
E(i, j, k) = E(i, j, k) ∗ e(−Γ(i,j,k)−1)∗∇V

enddo

3.5 Grid calculation

The grid motion is chosen according to the problem at hand, but the two
most common ways to treat the grid motion are to select either uniform
zoning, i.e. equal spaced zones in each direction, or exponentially varying
zonal space increments, i.e. dx(i + 1) = dx(i) ∗ k, where k is a constant.
Uniform zones give the most accurate results with the difference equations
in the form given. With exponentially varying zones, no appreciable error
occurs as long as 0.95 < k < 1.05. However, more extreme values of k
must be used with caution and are generally not a good choice.

The grid is moved with these restrictions so as to follow the fluid flow
as best as possible. In one-dimensional problems we can let Vg → V and
effectively have a Lagrangian gauge.
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Having selected the three components of the grid velocity V x
g , V

y
g , V

z
g

we then want to treat the terms,

Ė = −E

γ

∂(γV i
g )

∂xi
, (3.60)

Ḋ = −D

γ

∂(γV i
g )

∂xi
, (3.61)

Ṡj = −Sj

γ

∂(γV i
g )

∂xi
. (3.62)

When the grid is moved we should also move the metric functions which
would result, for example, in γ̇ + V i

g (∂γ/∂xi) = 0. Instead of changing
γ here we should resolve Eqs. (3.60), (3.61), and (3.62) in a way which
accounts for the changing coordinate volume on the grid. The implied γ
term is taken care of when the metrics are recalculated.

To do this we form a new grid and take the ratio of the old coordinate
volumes to the new coordinate volumes

Ratio =

(
dxb(i) ∗ dyb(j) ∗ dzb(k)

)
old(

dxb(i) ∗ dyb(j) ∗ dzb(k)
)
new

. (3.63)

Then,
D(i, j, k) = D(i, j, k) ∗Ratio. (3.64)

The Si are similarly updated, but using a ratio of coordinate vol-
umes determined at the nodes, i.e. dxa, dya, dza instead of dxb, dyb, dzb
in Eq. (3.63).

From the pressure part of Ė we also have a term left over by our splitting
of terms

PW

γ

∂V i
g

∂xi
,

which we include with the above formula for Ė by writing

Ė = −ΓE
γ

∂(γV i
g )

∂xi
. (3.65)

Thus the updated energy after changing the grid is

E′ = E ∗RatioΓ, (3.66)

or
E(i, j, k) = E(i, j, k) ∗RatioΓ. (3.67)
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3.5.1 Pressure acceleration

In order to solve the pressure acceleration term in multiple dimensions,
Ṡi = −α∂P/∂xi appropriate averages must again be made. In three di-
mensions we form an average of α over the eight zones surrounding the
node where Si resides. Then an average of P = (Γ − 1)E/W is made
over the four zones bordering the line between, for example, Sx(i, j, k)
and Sx(i + 1, j, k). Then Sx is advanced by

Sx(i, j, k) = Sx(i, j, k) − ᾱ ∗
(

P̄ (i, j, k) − P̄ (i− 1, j, k)
[xb(i, j, k) − xb(i− 1, j, k)]

)
∗ ∆t. (3.68)

3.5.2 Metric acceleration

The relevant terms from Eq. (3.18) are:

Si = −Sj
∂βj

∂xi
+ (D + ΓE)

(
W

∂α

∂xi
+

UkUj

W

∂γij

∂xi

)
. (3.69)

Here, the multi-dimensional algorithms are slightly different than in one
dimension.

3.5.3 Shift vector acceleration

The shift vector components βi are centered on faces (cf. Figure 3.2). We
illustrate the difference equations for Sx only. First, line-centered averages
for the βi components are produced.

do i, j, k

β̄x =
(
βx(i, j, k) + βx(i, j − 1, k) + βx(i, j, k − 1) + βx(i, j − 1, k − 1)

+ βx(i + 1, j, k) + βx(i + 1, j − 1, k) + βx(i + 1, j, k − 1)

+ βx(i + 1, j − 1, k − 1)
)
/8

β̄y =
(
βy(i, j, k) + βy(i, j, k − 1)

)
/2

β̄z =
(
βz(i, j, k) + βy(i, j − 1, k)

)
/2

enddo

Then, the momentum densities are updated.

do i, j, k
Sx(i, j, k) = Sx(i, j, k)

+ Sx(i, j, k) ∗ ∆t ∗
(

(β̄x(i, j, k) − β̄x(i− 1, j, k)
)
/∆xa(i)
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+ Sy(i, j, k) ∗ ∆t ∗
(

(β̄y(i, j, k) − β̄y(i− 1, j, k)
)
/∆ya(j)

+ Sz(i, j, k) ∗ ∆t ∗
(

(β̄z(i, j, k) − β̄z(i− 1, j, k)
)
/∆za(k)

enddo

3.5.4 Lapse and three-metric acceleration

The accelerations by the metric terms α and γij are similar. Since the
metric functions are centered at the same place as the pressure, the
same averaging is performed for these gravity terms as for the pressure
acceleration.

Remember that if we put in a coordinate curvature term in the ad-
vection section, then it must be removed in the metric driven terms
(cf. Section 3.4.3). This completes the hydrodynamic difference equations
for three spatial dimensions.

3.6 Artificial viscosity

For most applications in astrophysics the real physical viscosity produces
shock waves whose thickness is much smaller than the zone size used in
numerical simulations. Therefore, an artificial viscosity is introduced (as
described in Chapter 2) which operates on the scale of the zone size. The
artificial viscosity will operate on the derivatives of the velocities. It uses
the method of calculating derivatives of the same nature as the monotonic
derivatives introduced in the advection section. It is important to have
artificial viscosity not acting where there are not real shock waves. The
monotonic algorithm avoids most cases where spurious viscosity could
arise.

First, form a zone-centered divergence of U i. In obvious notation we
write:

do i, j, k
Ux = Ux(i, j, k) + Ux(i, j + 1, k) + Ux(i, j, k + 1) + Ux(i, j + 1, k + 1)
Ux+1 = Ux(i + 1, j, k) + Ux(i + 1, j + 1, k) + Ux(i + 1, j, k + 1)

+ Ux(i + 1, j + 1, k + 1)
Uy = Ux(i, j, k) + Uy(i + 1, j, k) + Uy(i, j, k + 1) + Uy(i + 1, j, k + 1)
Uy+1 = Uy(i, j + 1, k + 1) + Uy(i + 1, j + 1, k) + Uy(i, j + 1, k + 1)

+ Uy(i + 1, j + 1), k + 1)
Uz = Uz(i, j, k) + Uz(i + 1, j, k) + Uz(i, j + 1, k) + vz(i + 1, j + 1, k)
Uz+1 = Ux(i, j, k + 1) + Ux(i + 1, j, k + 1) + Uz(i, j + 1, k + 1)

+ Uz(i + 1, j + 1), k + 1)
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∇U(i, j, k) =
[
(Ux+1 − Ux)/∆xb(i) + (Uy+1 − Uy)/∆yb(j)

+ (Uy+1 − Uy)/∆zb(k)
]
/4

enddo

The quantity ∇U(i, j, k) will be used to test whether the artificial stress
should exist in a zone. If ∇U(i, j, k) > 0 then the artificial stress in that
zone is set to zero.

Next, a node-centered W factor is calculated, W̄ =
√

1 + γijUjUi. The
γij (which are zone centered) must be averaged to the node. We summa-
rize here the calculation of the artificial stress arising in the x direction.
Adopting the notation U(i, j, k) ≡ U(i), for all j, k, then

do i = 2, imm
Umin = min(U(i− 1), U(i), U(i + 1))
Umax = max(U(i− 1), U(i), U(i + 1))
Udix = min(Umax − U(i), U(i) − Umin)
if ((U(i + 1) − U(i)) ∗ (U(i) − U(i− 1)) > 0) then
Udiv = Udix
else
Udiv = 0
endif
c(i) =

[
dxb(i) ∗ (U(i) − U(i− 1)) + dxb(i− 1) ∗ (U(i + 1) − U(i))

]
/[

dxa(i) ∗ (dxb(i− 1) + dxb(i))
]

Ratio = 1.0
if(|c(i)| > 0) Ratio = Udiv/c(i))
Ratio = min(Ratio, 1.0)
enddo

do i = 2, imm

g(i) =

[
W̄ (i, j, k) ∗ dxa(i + 1) + W̄ (i, j, k) ∗ dxa(i)

]
/dxb(i)

f(i) = D(i, j, k) + D(i, j, k − 1) + D(i, j − 1.k) + D(i, j − 1, k − 1)
+ Γ(i, j, k) ∗ E(i, j, k) + Γ(i, j, k − 1) ∗ E(i, j, k − 1)
+Γ(i, j−1, k)∗E(i, j−1, k)+Γ(i, j−1, k−1)∗E(i, j−1, k−1)

δ =
[
U(i + 1) − U(i) −

(
dxb(i)/2

)
∗

(
c(i) + c(i + 1)/g(i)

)

if (δ ∗ (U(i + 1) − U(i)) > 0) then
δm = δ
else
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δm = 0
endif

δv = min(δm, 0.0)
qx(i, j, k) = f(i) ∗ (Q ∗ δv − L ∗ cs)
tx(i, j, k) = f(i) ∗ δv ∗

[
V x(i, j, k) + V x(i + 1, j, k) − V x

g (i) − V i+1
g

]
enddo

Here cs is the speed of sound averaged over the line joining V x(i, j, k)
and V x(i + 1, j, k). The quantities Q and L are constants,

Q = dt ∗
(

Γ̄ + 1/2
)

L = dt = 1.5

The quantity Γ̄ is an appropriate average for Γ for the problem at
hand. The quantity qx(i, j, k) is the artificial stress due to motion in the
x direction. qy and qz are formed in a similar manner in the other two
directions. The quantity tx(i, j, k) we discuss below.

We then calculate a zone-centered average artificial scalar stress q by
the following loop.

do i, j, k
ax = qx(i, j, k) + qx(i, j, k + 1) + qx(i, j + 1, k) + qz(i, j + 1, k + 1)
ay = qy(i, j, k) + qy(i, j, k + 1) + qy(i + 1, j, k) + qz(i + 1, j, k + 1)
az = qz(i, j, k) + qz(i, j + 1, I) + qz(i + 1, j, k) + qz(i + 1, j + 1, k)
q(i, j, k) = (ax + ay + az)/4
if ((∂Ul/∂x

l) > 0.0) q(i, j, k) = 0.0
enddo

Now the acceleration is accomplished in a similar manner to the pres-
sure acceleration. To conserve total momentum, the acceleration is taken
to be (cf. Eq. (2.79))

Ṡi = −1
γ

∂q

∂xi
, (3.70)

where γ and q are averaged as in the pressure force calculation described
above.

The heating by the artificial stress is augmented by a term which arises
from the dissipation of kinetic energy by advection which occurs in the
steep velocity gradients present in a shock.

We now combine tx, ty, tz as follows:

a = tx(i, j, k) + tx(i, j + 1, k) + tx(i, j, k + 1) + tx(i, j + 1, k + 1)
b = ty(i, j, k) + ty(i + 1, j, k) + ty(i, j, k + 1) + ty(i + 1, j, k + 1)
c = tz(i, j, k) + tz(i + 1, j, k) + tz(i, j, k + 1) + tz(i + 1, j + 1, k)
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qt = q(i, j, k) − (a + b + c) ∗A/32
if ((∂Ul/∂x

l) < 0) qt = 0

where A is a viscosity constant chosen to be 0.25. The heating of matter
(cf. Eq. (2.81)) is then given by,

E(i, j, k) = E(i, j, k) + (q(i, j, k) − qt) ∗ (∂Ul/∂x
l). (3.71)

In the above we have constructed an artificial scalar stress q which
assumes no rotation and no directional dependence. However, if the zone
increments ∆x, ∆y, ∆z are not comparable we must compute a one-
dimensional stress in each direction. In this case, Eq. (3.70) involves three
different qi along the different directions.

3.7 Real viscosity and heat flow

Real viscosity has been put into numerical simulations both in special
relativity (cf. Chapter 2, heavy ion collisions discussion) and in stellar
collapse calculations (cf. Chapter 5). The numerical procedure is to form
the velocity derivatives (∂Ui/x

j) and apply a Lorentz boost Λν
i to the

fluid frame so as to form

∂Ûi

∂xj
= Λν

i Λ
µ
j

∂Uν

∂xµ
. (3.72)

These are the velocity derivatives in the fluid frame. The deviatoric stress
tensor is then evaluated in the fluid frame. This tensor is then boosted
back to the Eulerian frame and the momentum and energy densities are
advanced.

3.8 Time step

All of the algorithms presented above are performed in an explicit manner,
i.e. sequentially. The size of the time step, dt, must be limited for both
stability and accuracy. We impose the following method to calculate the
time step.

The Courant stability criterion is that the zonal sound crossing times
should be greater than the numerically applied time step. This criterion
is carried out as follows. The sound speed in our notation is

c2s =
√

ΓE(Γ − 1)/(D + ΓE). (3.73)

We then form for each zone:

A = min(dxb(i), dyb(j), dzb(k))
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B = c2sα
2/A2

C =
√
max(B)

Next, a restriction on the time step is required because the artificial vis-
cosity is done explicitly. Viscosity is a diffusion-like process so we use
an analogy to the stability requirements derived for the linear diffusion
equation. Namely,

∆t <
∆x2

4D
,

where D is the diffusion coefficient. Let,

a = |Ux(i + 1, j, k) − Ux(i, j, k)|/∆xb(i)
b = |Uy(i, j + 1, k) − Uy(i, j, k)|/∆yb(j)
c = |Uz(i, j, k + 1) − Uz(i, j, k)|/∆zb(k)
D = max(a, b, c)α(i, j, k)/W (i, j, k)
E = max(D) over all zones

The advection process also requires a limit on the time step in order
that the interpolation of densities be accurate. For this criterion we form,

a = |V x(i + 1, j, k) − V x
g (i, j, k)|/∆xb(i)

b = |V y(i, j + 1, k) − Vg(i, j, k)|/∆yb(j)
c = |V z(i, j, k + 1) − V z

g (i, j, k)|/∆zb(k)
F = max(a, b, c)α(i, j, k)/W (i, j, k)
G = max(F ) over all zones

Finally, we choose ∆t by,

∆t =
K

max(C, 4E, 2G)

where K is a constant typically in the range from 0.25 to 0.50. The sta-
bility conditions are derived for linearized equations, hence we usually
need K to be considerably smaller than unity. The viscosity and heat
coefficients introduced for the Navier–Stokes equations are limited by the
speed of sound and thus no further restriction is needed.

The difference equations as written are second-order accurate in time
and, except for the artificial viscosity and the calculation of W , the arti-
ficial viscosity is not correctly time centered because it is formed with
velocity differences which then change those velocities to the next time
slice. One can calculate a new artificial stress with the new velocities and
then use the average of the new and old stresses to obtain a better esti-
mate of the viscous acceleration and energy deposition. To obtain good
time centering for W would be difficult and has not been worked out yet.
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If we are in doubt as to whether the errors in time centering are too large,
we rerun the calculation with a reduced time step and check whether
the results are significantly altered. Only calculations dominated by very
strong shocks require reduced time steps.

We emphasize again that the state variables are also staggered in time
in a manner such as to make the equations as nearly second order in time
as possible. The following are all centered at the same time:

D,E,W

and the velocity-like quantities are entered ∆t/2 away from D,E,W . Note
that the W enters both into relating D and E to their proper densities ρ
and ρε and into the relation of the velocities Ui and V i. Restrictions on
time step size may be required if W is changing too much per calculation
cycle (see the time step discussion).
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4
Cosmological hydrodynamics

Most cosmology calculations utilize a homogeneous background spacetime
in either a Friedmann–Robertson–Walker (FRW) metric or an equivalent
extension. Calculations of local physical variables are treated as a pertur-
bation on the background homogeneous expansion.

A natural question, however, is whether strong gravity waves in the
early universe can cause a significant departure from this FRW treatment.
There are also other cosmological questions which may require significant
deviations from a FRW-plus-perturbations approach, such as the forma-
tion of primordial black holes, or the development of an inflating spacetime
from inhomogeneous initial conditions. All such problems require the abil-
ity to solve for cosmological evolution in a metric more general than that
of a simple perturbed FRW. Here we describe some attempts to model
such cosmologies numerically.

4.1 Planar cosmology

In [1, 2, 4–7] a linear numerical cosmology program was developed to
study how strong waves might affect the physics of the early universe.
In particular, the paradigms for inflation, nucleosynthesis, and microwave
anisotropy have been analyzed in this context, along with the question
of whether strong gravity waves steepen in the early universe. That is,
the nonlinear nature of general relativity could cause colliding waves to
produce an even stronger superposition wave. In spherical symmetry such
superpositions can even form black holes.

The simplest cosmology to study is that of planar symmetry. A system
with planar symmetry can have gravity waves. In one-dimensional simula-
tions, physical quantities are restrained to vary in one direction, say z. All
fluid quantities are then functions of z and t only. However, gravity waves
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100 4 Cosmological hydrodynamics

are transverse (like electromagnetic waves). Hence, the gravity waves are
in the x, y plane.

To solve the field equations first select the metric,

gµν =

⎛
⎜⎜⎝
−α + βiβ

i βx 0 βz
βx γxx 0 0
0 0 γyy 0
βz 0 0 γzz

⎞
⎟⎟⎠ , (4.1)

where

γij = A2

⎛
⎝ 1 0 0

0 h2 0
0 0 1

⎞
⎠ . (4.2)

In the above, the conformal factor A is related to the scale factor R
of the homogeneous Friedmann–Robertson–Walker metric (h = 1). The
quantity h carries the anisotropy or metric shear. The extrinsic curvature
is taken to be

Ki
j =

⎛
⎝Kx

x 0 Kx
z

0 Ky
y 0

Kz
x 0 Kz

z

⎞
⎠ , (4.3)

with −Kx
z = Kz

x since γxx = γzz. Next, we take

tr(K) = Kx
x + Ky

y + Kz
z ≡ K (4.4)

and define the shear rate

K1 ≡ Kx
x −Ky

y. (4.5)

Now K1 and h carry the gravity wave degree of freedom. Note that this
choice only allows one polarization. Two polarizations would require a
more complicated representation of Ki

j and γij . Next, we need to select
βx and βz so as to preserve the form of γij .

As before the stress energy tensor is written

Tµν = σUµUν + Pgµν , (4.6)

where the inertial density σ is

σ = ρ(1 + ε) + P. (4.7)

And again, the time-like unit vector nν normal to each spatial slice is
defined with the properties,

nν = (−α, 0, 0, 0), nν =
(

1
α
,−βi

α

)
, nνnν = −1.
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Next, one can write for the Hamiltonian density (Eq. (1.33)),

ρH = nµnνTµν = ρ(1 + ε)W 2 + P (W 2 − 1), (4.8)

and also the ADM momentum density,

si = Si = −σW 2Vi = −σWUi, (4.9)

where the covariant three-velocity as usual is

Vi ≡ Ui/W. (4.10)

The spatial stress (Eq. (1.36)) is again just the space–space part of the
energy momentum tensor,

Sij = Pγij + σW 2ViVj = σUiUj + γijP.

The Hamiltonian constraint [28] is

R + K2 −Ki
jK

j
i = 16πρH (4.11)

where R is the Ricci scalar of the three-space. From the evolution of the
Kij , the K̇ equations can be written as

γijDiDjα = 4παρα + βiDiK − K̇, (4.12)

where
ρα = ρH + S +

1
16π

Kj
iK

i
j . (4.13)

In this one-dimensional cosmology, the lapse function can be evaluated
from

∂2α

∂z2
+

∂α

∂z

(
∂ logA
∂z

+
∂ log h
∂z

)
= 4παA2

[
K2

16π
+σ(W 2 − 1/2) +P

]
−A2K̇.

(4.14)

Next, the metric evolution equation

γ̇ij = −2αγikKj
k + γjkDiβ

k + γikDjβ
k (4.15)

can be used to find conditions on 	β. Imposing the symmetry condition
γ̇xx = γ̇zz gives

∂βz

∂z
=

1
2
α

(
3Kz

z −K −K1

)
. (4.16)

Then requiring γzx = 0 (or γ̇zx = 0) gives

∂βx

∂z
= 2αKz

x. (4.17)
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Similarly, γyz = 0 requires

∂βy

∂z
= 2αKy

z. (4.18)

Here, the gauge choice is made to let βy = Ky
z = 0.

Finally, the condition γxy = 0 requires

Kx
y = 0. (4.19)

That the choice of Ky
z = Kx

y = 0 is acceptable must be demonstrated
by the use of the K̇ij equation for these components.

The Hamiltonian constraint in these coordinates is

∂2h

∂z2
+ 2

∂h

∂z

∂ logA
∂z

= h

[
− 2
A

∂2A

∂z2
+

(
∂ logA
∂z

)2

−A2

2

(
Kj

iK
j
i −K2

32
+ 8πρH

)]

−4πA2ρH + A2 (K2 −Kj
iK

j
i)

8
, (4.20)

where ρH is given by Eq. (4.8).
Since the metric variable h is closely related to the gravity wave, it

would be most desirable to to evolve h by an ḣ equation and then solve the
above equation for the metric conformal factor A. However, that equation
is very nonlinear in A. Hence, it is easier to solve Eq. (4.20) for h and
evolve A.

The evolution equation for A is

Ȧ = βz ∂A

∂z
− αA

2

(
K + K1 −Kz

z

)
. (4.21)

The momentum constraint

Di

(
Ki

j − γijK

)
= 8πsj (4.22)

yields

∂Kz
z

∂z
+

(
3Kz

z −K

)(
∂ logA
∂z

+
1
2
∂ log h
∂z

)
+

1
2
K1

∂ log h
∂x

= 8πSz (4.23)

and
∂Kz

x

∂z
+

(
3
∂ logA
∂z

+
∂ log h
∂z

)
Kz

x = 8πSx. (4.24)

These equations can be solved to find Kz
z and Kz

x.
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Finally, the evolution equation for K1 is

K̇1 = βz ∂K1

∂z
+ αK1K − 2α(Kz

x)2

+
1

A2h

[
∂α

∂z

∂h

∂z
+ α

(
∂2h

∂z2
+

∂h

∂x

∂ logA
∂z

)]
. (4.25)

This is a complete set of equations, but one more equation,

ḣ = αhK1 + βz ∂h

∂z
, (4.26)

is used to advance h to obtain a first guess for h before solving the
Hamiltonian constraint equation.

4.1.1 Hydrodynamics for planar cosmology

As in previous chapters, the following hydrodynamic variables are defined:

W ≡ αU t, D = ρW, E = ρεW, Si = σWUi, V i =
U i

U t
,

and the appropriate covariant derivatives,(
ρUµ

)
;µ

= 0,
(
Tµ

ν

)
;µ

= 0,
(
UµT

µν
)

;µ
= 0,

are again used to derive the hydrodynamic equations of motion.
These become:
(1) The continuity equation is written,

Ḋ + D
γ̇

γ
+

1
γ

∂

∂z
(DγV z) = 0, (4.27)

where the first term on the left-hand side is the volume term and the
second is the familiar transport term.

(2) The equations for the components of momentum density become

Ṡx + Sx
γ̇

γ
+

1
γ

∂

∂z
(SxγV

z) = 0, (4.28)

and

Ṡz + Sz
γ̇

γ
+

1
γ

∂

∂z
(SzγV

z) + α
∂P

∂z
+

1
2
∂

∂z
gµν

SµSν

St
= 0, (4.29)
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where the pressure force and gravitational forces appear only as the last
two terms in the Sz equation. The gravitational acceleration can be further
decomposed into

∂

∂z
gµν

SµSν

St
= 2α

[
σW 2∂ lnα

∂z
− σ(W 2 − 1)

∂ lnA

∂z
−

(
Sx

∂βx

∂z
+ Sz

∂βz

∂z

)]
.

(4.30)

Here, the first term on the right-hand side can be identified with the
acceleration of observers at rest in a time slice, the second represents a
velocity dependent gradient in the gravitational field, and the third term
represents a kind of Coriolis-like force corresponding to the motion of the
coordinates from one time slice to the next.

(3) The energy equation is now

Ė + E
γ̇

γ
+

1
γ

∂

∂z
(EγV z) +

P

γ

[
∂

∂t
(Wγ) +

∂

∂z
(WγV z)

]
, (4.31)

where the last two terms describe the relativistic analog of “PdV” work.

4.1.2 Solution of metric equations

One could choose K(t) arbitrarily and put it into the equation for α and
take whatever α comes out. It is better, however, to choose α to have
some fixed mean value and then find K̇ from the α equation such that
the two are consistent. Another issue is that one must utilize a finite range
for z for numerical purposes. A convenient choice is to fix the boundary
conditions and then demand equality between the boundary values z = 0
and z = L (where L is the length of the grid). This corresponds to a
toroidal (or periodic) spatial geometry.

The equation for the lapse function is

∂2α

∂z2
+

∂α

∂z

(
∂ lnA

∂z
+

∂ lnh

∂z

)
= αA2

[
Ki

jK
j
i + σ(W 2 − 1

2
) + P

]
−A2K̇.

(4.32)

To solve for α and K̇, one first chooses α = 1 and guesses a value for
K̇. The lapse equation is then integrated to find values of α(0) and α(L).
If these two values are not equal a new guess for K̇ is made and the
integration repeated until α(0) = α(L). This sets the value of K̇. For flat
space (α = 1), the solution is

K̇ = Ki
jK

j
i + σ

(
W 2 − 1

2

)
+ P. (4.33)
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Now, Kx
x = Ky

y = Kz
z = K/3 so Ki

jK
j
i = K2/3 and W = 1 in the

absence of fluid velocity. The solution thus simplifies to:

K̇ =
K2

3
+

σ

2
+ P. (4.34)

4.2 Applications

4.2.1 Nucleosynthesis

The planar cosmology defined above has been applied to the problem of
inhomogeneous primordial nucleosynthesis [3, 6–8, 16–20, 24]. For this
application one must add to the evolution equations the equations of
nuclear abundance evolution [22, 25]

dYi

dt
=

∑
ijk

Ni

(
Y Nl
l Y Nk

k

Nl!Nk!
〈nkσlkv〉 −

Y Ni
i Y

Nj

j

Ni!Nk!
〈njσijv〉

)
, (4.35)

where the yield of each species Yi is related to the mass fraction and the
number density ni, Yi = Xi/A = ni/ρNA, where A is the atomic mass of
species i and NA is Avogadro’s number. The sum is over all reactions,

i + j ↔ k + l, (4.36)

where σij is the cross-section for the interaction of i with j to form k and
l. The quantity Ni is the number of identically interacting species i; for
example, in the α + α → 7Li + p reaction, Ni = 2, Nj = 0, Nk = Nl = 1.
These factors prevent double counting of reacting species. The angled
brackets denote an average over the Maxwellian distribution of velocities
appropriate for the background temperature when the reactions are being
evaluated.

In this application [8] perturbations and associated gravity waves were
put in as initial conditions. The cosmological model was then evolved
together with the nucleosynthesis equations under the constraint that
the fluctuations in the microwave background temperature not exceed
observed limits in ∆T/T . Since the size of the horizon at the time of
nucleosynthesis is only about 1 M�, this is a relatively weak constraint
since observational limits are at a much larger angular scale.

Figure 4.1 shows some representative results for the helium abundance
in space and time. When averaged, these results show that the final pri-
mordial abundances do not vary much from the abundances derived from
homogeneous models even though local abundances can vary by as much
as a factor of two.
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Fig. 4.1. Illustration of the abundances in spacetime computed in one
of the inhomogeneous cosmologies considered in [8]. Shown are: (a) the
proton mass fraction; (b) the deuterium mass fraction; (c) and (d) the
3He mass fraction; and (e) the 4He mass fraction. (Used by permision of
Nuclear Physics A.)
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Fig. 4.1 (cont.)

4.2.2 Inflation

Another interesting application of the planar model discussed in this
chapter has been to the effects of inhomogeneity on a developing inflation-
ary [1, 11, 12, 21, 26] universe. To solve the fluid equations of motion in
an inflationary universe one begins with the same constraints as discussed
previously. In particular,

(Tµν
fluid);ν = 0.
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Fig. 4.1 (cont.)

Now, however, the energy momentum tensor in the Einstein equation is
modified by the presence of the inflaton scalar field φ,

Gµν = 8π
[
Tµν

fluid + Tµν
φ

]
. (4.37)

The energy momentum tensor associated with the inflaton field is

Tµν
φ = ∂µφ∂νφ− gµν

[
1
2
∂σφ∂

σφ + V (φ)
]
, (4.38)

where the scalar field is taken to obey,

φ;µ
;µ = φ =

dV (φ)
dφ

, (4.39)

where V (φ) is an effective potential associated with this scalar field. As
in the (3 + 1) ADM formalism (cf. Chapter 1) where a momentum con-
jugate to spatial curvature, Kij , was introduced to obtain equations first
order in time, one can introduce a momentum conjugate to the scalar
field,

π = −√−ggtν∂νφ− ∂i(
√−ggtiφ). (4.40)
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Taking the covariant derivative of the inflaton field one obtains the
following evolution equations:

φ̇ = − 1√−g
gtt

[
π +

√−ggti∂iφ + ∂i

(√−ggtiφ

)]
, (4.41)

π̇ = ∂i

[√−ggij∂jφ + φ∂t

(√−ggitφ

)]
−√

g
∂V (φ)
∂φ

. (4.42)

Now extra terms in the Einstein field equation arise since we have added
Tµν
φ to Tµν

fluid. The solution of this system is straightforward but messy.
For the linear cosmology described in the previous section, the inflaton

evolution equations are then,

φ̇ =
α

γ
+ 2βz ∂φ

∂z

[
1
γ
βz ∂γ

∂z
− βz

α

∂α

∂z
+

∂βz

∂z

]
φ, (4.43)

π̇ =
∂

∂z

[(
1
A2

− βz 2

α2

)
αγ

∂φ

∂z
−

(
1
γ
βz ∂γ

∂t
− γ

α

∂βz

∂t
− γ

∂βz

α2

∂α

∂t

)]

−αγ
dV (φ)
dφ

. (4.44)

4.2.3 Inflaton potential

Without question the largest uncertainty in the inflation paradigm is the
nature and origin of the inflaton field effective potential. Indeed, many dif-
ferent forms and scenarios have been proposed (cf. [15, 23]) and although
the microwave background (e.g. [16]) and large scale structure [13]
provide some some constraint, the form of the potential and its spatial
fluctuations are largely unknown. It is possible to show that a self-coupling
higher than fourth order is not renormalizable (cf. [1]). Hence, a simple
fourth-order polynomial is often assumed, although one should probably
keep in mind that true inflaton potentials as derived from grand unified,
super-symmetric, super-string theories, or quantum cosmology, are invari-
ably much more complex (cf. [23]). Nevertheless, a common form is the
Coleman–Weinberg potential,

V (φ) = λ

(
φ2 − σ2

)2

(4.45)

or

V (φ) = λ

[
φ4

(
log

φ2

σ
− 1

2

)
+

σ4

2

]
. (4.46)
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Fig. 4.2. Schematic illustration of a Coleman–Weinberg inflaton effective
potential with σ = 0.5 and λ = 0.1.

This potential is sketched in Figure 4.2. The present limits [10] on the
cosmological vacuum energy require that the present “true vacuum” (σ =
0) is effectively negligible compared to what it would have been during
the inflation epoch,

V (φ = σ) ≈ ρΛ ≈ small, (4.47)

except perhaps in the scenario of cosmic quintessence (cf. [27]).
To study effects of initial inhomogeneities in the inflaton field Kurki-

Suonio et al. [19] considered an initial condition, φ0 = σ cos kz at t = 0 so
that V goes to zero at φ = ±σ or kz = nπ. The assumed initial fluctuation
in the scalar field and effective potential are shown in Figure 4.3. The fluid
equation of state for N relativistic particle species is just

ρfluid =
Nπ2

50
T 4 (4.48)

Figure 4.4 illustrates some results from [19]. Shown are the time evolu-
tion of the maximum and minimum of the scalar fields and the expansion
factor R for N = 2 and different inflaton potentials labeled by λ and σ.
For σ = 0.5 and λ = 0.1 there is no inflation, whereas for λ ≤ 0.01 infla-
tion occurs. On the other hand, for σ = 0.05 inflation requires λ 10−5.
Otherwise, φ simply oscillates in time.
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Zone

f

r(fluid)

V (f (z))

Fig. 4.3. Initial configuration of the scalar field φ adopted in [19]. (Used
by permission of The Physical Review.)

In the models with no inflation there is a steep gradient in φ. Thus,
T zz
φ = ∂2φ/∂z2 is large so that the energy in the φ field dominates. In

models where inflation occurs, the amplitude of the oscillations is damp-
ened by the expansion.

Such studies in planar cosmology address the question of whether initial
matter anisotropies lead to a nonlinear growth of cosmological gravity
waves. A priori it seems plausible that nonlinear gravitational effects could
cause gravity waves to steepen. At least in planar cosmology the growth
of gravity waves is almost linear and so they do not grow as the universe
expands. Thus, such anisotropies are not important and primordial black
holes do not form. In contrast, nonlinear effects are stronger in spherical
geometry, hence we consider this symmetry next.

4.3 Spherical inhomogeneous cosmology

As the universe expands its contents change. That is, phase changes and
gravitational clustering can occur. For example, above T ∼ 200 MeV,
quarks and gluons are present as well as photons and leptons (ν, ν̄, µ, µ̄,
and e+, e− pairs). Below 100 MeV only bound hadrons (mostly pions and
some nucleons) exist with the leptons. An interesting question, however,
is the effect of phase transitions on the fluid pressure. In a first-order
phase transition the universe cools to a coexistence temperature in which
the two phases (in this example quark–gluon plasma and hadron gas)



Fig. 4.4. Inhomogeneous inflation calculations for various Coleman–Weinberg potentials as labeled from [19]. The
time axis is linear in t1/2. The ordinate gives the φ scale with + and − denoting the ±σ true vacuum states:
(a) shows an almost immediate domain formation; (b) and (c) are examples which produce inflation; (d) shows a
phase transition without domain wall formation. (Used by permission of The Physical Review.)
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are in pressure equilibrium [9]. In this coexistence phase the response of
the pressure to changes in density is small, that is, the speed of sound
c2s = ∂P/∂ρ nearly vanishes. This is to be contrasted with a relativistic gas
for which ∂P/∂ρ = 1/3. If ∂P/∂ρ is small the fluid becomes unstable to
collapse. Hence the prospect exists [14] for black hole formation during a
cosmic phase transition, or any other epoch in which the pressure support
is reduced.

The universe is most unstable during a given epoch on the scale of the
event horizon. That scale corresponds to the largest mass that can self-
interact. Nevertheless, this must be studied numerically since expansion
and light travel times become significant.

4.3.1 The metric

In a spherical cosmology with inhomogeneous fluid flow, the metric is
modified from the usual Robertson–Walker form into

gµν =

⎛
⎜⎜⎝
−α + βrβ

r βr 0 0
βr φ4 0 0
0 0 φ4r2 0
0 0 0 φ4r2 sin2 θ

⎞
⎟⎟⎠ . (4.49)

where the conformal factor φ4 relates to the scale factor. The shift βr is
selected so as to maintain the spatial metric isotropies. That is,

γθθ = r2γrr,

γφφ = r2 sin2 θγrr,

γ̇rr = −2αKrr + 2Drβr,

γ̇θθ = −2αKθθ + 2Dθβθ.

If we assume Kθ
θ = Kφ

φ and let tr(Kj
i) = Kr

r +Kθ
θ +Kφ

φ, then the
shift becomes

βr = −r

2

∫ ∞

r
α(3Kr

r −K)dr/r. (4.50)

This conserves the isotropy of the metric.
The Hamiltonian constraint can now be used to find φ,

1
r2

∂

∂r

(
∂φ

∂r

)
= −2πφ5

[
(ρ(1 + ε)W 2 + P (W 2 − 1)

+
1

32π

(
3Kr

r − 2KKr
r + K2

)]
. (4.51)
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The lapse α is then deduced from

1
r2

∂

r

(
r2 ∂

∂r
(αφ)

)
= 2παφ5

[
ρ(1 + ε)(3W 2 − 1/2) + 3P (W 2 + 1)

+
7

32π

(
3Kr

r − 2KKr
r + K2

)]
. (4.52)

4.3.2 Quantum chromodynamics equation of state

The pressure and other thermodynamic variables can be determined [9]
from the grand partition function and various derivatives of the thermo-
dynamic potential, Ω. For a non-interacting massless quark–gluon plasma
in quantum chromodynamics (QCD), for example, one can approximate
Ω with,

Ωqg = −7π2

180
NcNfV T 4

[
1 +

30
7π2

(
µq

T

)2

+
15
7π4

(
µq

T

)4]
− π2

45
NgV T 4 +BV,

(4.53)
where Nc is the number of colors, Nf is the number of quark flavors (2 or
3), Ng = 8 is the number of gluons, and B is the QCD vacuum energy.

4.3.3 Boundary conditions in spherical cosmology

To follow a finite spherical volume, an outer boundary condition is neces-
sary. A good way to do this is as follows. First, one chooses a distribution
of ρ and ε as initial conditions. Then, one makes approximate averages of ρ̄
and ε̄ to define a standard Friedmann–Robertson–Walker (FRW) universe.
From the FRM equations one can then find values for K̇(t), ρ̄(t), and ε̄(t)
at the boundary to use as boundary conditions for the Hamiltonian and
lapse equations.

As boundary conditions on the lapse function α(R) (where R is the
outer grid radius), one can take α(R) = 1 and (∂α/∂r)r=R = 0. Similarly,
the conformal factor φ is taken from the FRW solution and its derivative
is also set to zero at the outer edge of the grid, (∂φ/∂r)r=R = 0. This
insures that no acceleration occurs at the boundary.

In practice the initial distribution of ρ(r) and ε(r) should be made with
several zones at the outside with ρ(r) = ρ̄ and ε(r) = ε̄. This insures that
the boundary will be well behaved (e.g. no fluid motion or heating at the
boundary) as the system evolves. It is also usually necessary to iterate
on the initial conditions by recalculating the conformal factor φ, then
finding mean values for ρ̄ and ε̄ near the boundary until self-consistency is
achieved. The velocity inside the calculated sphere is also a free parameter.
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The choice of the velocity distribution also affects the value of φ, so this
also must be evaluated self-consistently.

Thus far, it has proven difficult to form primordial black holes using a
simple Bag model QCD equation of state and small initial perturbations.
However, it may be possible to form black holes if, for example, sterile
neutrinos exist. The sterile neutrinos could provide a gravitational source
but would not interact with the matter accelerations.
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5
Stellar collapse and supernovae

As discussed in Chapter 3, the treatment of the spherical collapse of a
massive star to produce a supernova is sufficiently complex to warrant a
separate chapter. It is believed that a Type II supernova arises from the
delicate balance between energy deposited by escaping neutrinos from the
core and the gravitational energy of collapsing outer layers. Thus, the rela-
tivistic energy and mass transport must be considered with high numerical
accuracy to obtain a believable simulation. The model discussed herein
includes the experience of about 30 years of development and should
be of some guidance to those who wish to understand this fascinating
phenomenon.

5.1 Collapse supernovae

A brief review of the scenario is as follows. Massive stars (i.e. 10
M/M� 30) evolve until the iron core exceeds ∼1–1.3 M�. At this

point there can be no more nuclear energy generation in the core. Neu-
trino emission, electron capture, and photodisintegration cool the inner
∼1 M� and remove pressure support from the core. The central density
then rises. When the central density ρc approaches ρc 109 g cm−3, neu-
trino emission is so large that collapse becomes supersonic, i.e vmax > cs,
where cs is the speed of sound. As the core collapses, the inner ∼0.7 M�
collapses homologously (e.g. [2, 3, 9]). Once the core density exceeds nu-
clear density, ρc > 2.5×1014 g cm−3, the pressure rises rapidly and collapse
is halted. Matter continues to fall inward, however, so an outward moving
shock wave is formed. This is referred to as the core bounce.

This shock expends most of its energy, however, into photodissociation.
First nuclei in the remainder of the iron core are dissociated, and then
elements above the core with lower atomic number. Behind the shock,

117
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material has been disintegrated into nucleons and alpha particles and has
an entropy per baryon of S/k ≈ 10. This disintegration of heavy nuclei
removes kinetic energy from the shock. If the shock breaks through with
enough remaining kinetic energy to unbind the outer parts of the star,
an explosion would occur by the “prompt” supernova mechanism (e.g.
[2, 9, 38]). In most calculations, however, the shock slows before it reaches
the outer boundary of the iron core and becomes an accretion shock, i.e.
moving outward in mass but not in radius.

A schematic illustration of the star and outer layers after ≈0.1 s is
shown in Figure 5.1. About this time we have a proto neutron star with
a radius of ∼50 km surrounded by hot gas out to the shock wave at
∼500 km. Beyond that matter is falling inward at roughly sonic speed.
The inner core is cooled by radiating energetic neutrinos which provide
an outlet for the gravitational binding energy released by the accreting
material.

Rapidly
 infalling
  matter

Shock front
Tm   1.5 MeV

 10  g cm 
8

Hot dense
    core

Neutrinosphere
Tm    4.5 MeV

  10   g cm 
11 �3

�3

 10   g cm 14 -3

ρ

ρ

Fig. 5.1. Schematic illustration of the interior of a star undergoing a
supernova explosion at ≈0.1 s after core bounce.
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In the hot gas region, material is cooling by neutrino emission and is
being heated by neutrinos from the hot proto neutron star. The cooling
rate is mostly due to charged current electron or positron capture on
nucleons at the matter temperature T . This is given approximately [4] by

cooling = acT 4σ(T ), (5.1)

where σ(T ) is the average absorption cross-section for

p + e− → n + νe (5.2)
n + e+ → p + ν̄e.

The reaction

e− + e+ → νe + ν̄e (5.3)

also makes a small contribution. Similarly, the heating from the absorption
of energetic neutrinos escaping from from the neutrinosphere (radius of
last neutrino scattering) is

heating =
L

4πr2
σ(Tν) (5.4)

where Tν is the temperature of the neutrinosphere, and σ now refers to the
absorption of neutrinos by the inverse of the above reactions as described
in following sections.

One can estimate the net heating above the neutrinosphere. First, one
can approximate the luminosity from the neutrinosphere as

L ≈ acT 4
ν

4
4πR2

ν , (5.5)

where Rν is the neutrinosphere radius. Then, one can write

σ(T ) ≈ σ0T
2, (5.6)

for the absorption cross-section. The rate of internal energy change due
to neutrino absorption and emission then becomes

Ė = heating − cooling = acσ0

[
T 6
ν

4

(
Rν

r

)2

− T 6
]
. (5.7)

The condition for net heating is thus

Tν

T

(
Rν

r

)1/3

> 41/6. (5.8)
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This condition is satisfied in a region behind the shock and above the
neutrinosphere.

As energy is deposited, the temperature rises and the entropy increases
leading to the copious production of electron–positron pairs which can
themselves scatter neutrinos resulting in yet more energy deposition. Ma-
terial behind the shock expands away from or accretes back onto the newly
formed proto neutron star creating an evacuated region. In this way, the
entropy per baryon rises to S 200 after several seconds in the calculations
of Mayle and Wilson [22, 23, 44], and continues to rise as the bubble is
further evacuated. Although this region behind the shock is at low density,
the entropy is so high that tremendous pressure builds up and revives the
slowed shock’s outward motion. If the revived shock breaks through the
remainder of the initial core, a “delayed” supernova explosion occurs.

One interesting outcome of this picture is that the evacuated high
entropy bubble provides an excellent site [29, 47] for the production [20] of
heavy nuclei by rapid neutron capture (the r-process). A key component,
however, is that the entropy must be high. In the model of Mayle and
Wilson [22, 23, 44] the entropy per baryon reaches S/k ≈ 400, while some
approximate “wind” models (e.g. [32, 33]) lead to much lower entropy
(∼100).

Although this is a promising paradigm for the supernova mechanism,
one must keep in mind that the binding energy of the neutron star is
∼3 × 1053 erg while the kinetic energy of the resulting explosion is only
∼1051 erg. The process is very inefficient and therefore great care must
be exercized in order to produce a believable result. In what follows we
summarize the content of the model developed by Mayle and Wilson
[22, 23, 44].

5.2 The physical model

5.2.1 The metric

Relativistic gravitational effects are not great for collapsing stars, but
since the supernova process is so marginal they must be treated accurately.
As alluded to in the introductory section, the spherical symmetry of this
problem allows for a different formulation than the ADM metric described
in Chapter 1. We describe here the Mayle and Wilson model. In this model
general relativity is implemented by the use of Lagrangian hydrodynamics
and a version of the May and White [21] metric:

ds2 = −a2dt2 + b2dm2 + R2(dθ2 + sin2 θdφ2), (5.9)

where a Lagrangian rest mass coordinate m has been introduced. The me-
tric coefficients a, b, and R are now functions of m (the rest mass) and
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time t. The angular coordinates are standard spherical coordinates on the
unit sphere similar to Schwarzschild coordinates.

The state variables for the problem are now the radial position of a
mass zone (R), the radial component of the fluid four-velocity (U), the
matter internal energy (εM ), the net charge per baryon (Ye), and six en-
ergy distribution functions for the neutrinos (Fνe , Fν̄e , Fνµ , Fν̄µ , Fντ , Fν̄τ ).
In order to maintain good zoning, the state variables are remapped dur-
ing each cycle onto a desired grid. Thus, the numerical scheme is a mixed
Euler–Lagrange method as described in Section 2.3. However, this imple-
mentation differs from that described in Chapter 2. It does not use a grid
velocity.

5.2.2 Energy momentum tensor

The next step is to define the energy momentum tensor relevant to this
problem in these coordinates. Since neutrinos play such a crucial and
distinct role from the rest of the matter, it is necessary to introduce a
separation of internal energy density and pressure into individual contri-
butions from matter and neutrinos. Hence, in obvious notation we write

ρε = ρεM + Eν (5.10)
P = PM + Pν .

An auxiliary pressure correction variable Wν is also introduced:

Wν =
(Eν − 3Pν)

2
. (5.11)

Since the neutrinos are not necessarily in thermodynamic equilibrium
near the neutrinosphere, one must explicitly evolve distribution functions
in neutrino energy and angle Fi(E, θ) = fi(E, θ)E3. The average energy
Eν , pressure Pν , and neutrino flux Φν are then defined by energy and
angular integrations over this distribution function:

Eν =
6∑

i=1

∫
FidEdΩν , (5.12)

Φν =
6∑

i=1

∫
Fi cos(θ)dEdΩν , (5.13)

Pν =
6∑

i=1

∫
Fi cos2(θ)dEdΩν , (5.14)

where Ων = 2π sin θdθ is the neutrino solid angle.
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With these definitions, the energy momentum tensor becomes

Tµν =

⎛
⎜⎜⎜⎜⎝

(ρ(1+ε))
a2

Φν4πR2ρ
a 0 0

Φν4πR2ρ
a P (4πR2ρ)2 0 0
0 0 (P+Wν)

R2 0
0 0 0 (P+Wν)

R2 sin2 θ

⎞
⎟⎟⎟⎟⎠ . (5.15)

5.2.3 Evolution equations

As in previous chapters, having specified the metric and the energy mo-
mentum tensor it becomes possible to use the Einstein equation to find
the metric coefficients.

We first introduce a new variable,

Γ =
(

1 + U2 − 2M
R

)1/2

, (5.16)

where M is the gravitational mass interior to R defined below, and U ≡
UR is the radial component of the four-velocity,

U =
1
a

∂R

∂t
. (5.17)

Obviously we have Uθ = Uφ = 0.
The quantity Γ (not to be confused with the equation of state index

used in previous chapters) is related to W = αU t = (1 + U2)1/2 of the
(3+1) hydrodynamics formulation.

With this choice of variables, the metric can be rewritten as

ds2 = −a2
[
1−

(
U

Γ

)2]
dt2− 2aU

Γ2
dRdt+

dR2

Γ2
+R2(dθ2+sin2 θdφ2), (5.18)

where the quantity a ≡ 1/U t is related to the gravitational red shift, and
R has units of physical length. Proper distance is given by

proper distance =
∫

dR

Γ
. (5.19)

For the metric coefficient a the condition Tmj
;j = 0 implies

a = exp
[∫ mmax

m

dm

ρh

(
∂P

∂m
+

bR2ρ

a

∂

∂t

{
Φν

R2ρ2

}
− 2bΓ

R
Wν

)]
, (5.20)

where mmax is the mass coordinate at the boundary of the numerical grid.
The quantity h ≡ 1 + ε + P/ρ as defined in Chapter 3, and the metric
variable, b, is given by

b ≡ 1
4πR2ρ

. (5.21)
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For the one-dimensional calculations, the metric coefficient a(t,m) can
be set to unity outside the grid and then the appropriate transformation
used to find global time.

5.2.4 Matter equations

For the matter four-velocity acceleration we have,

1
a

∂U

∂t
= − Γ

ρh

[
1
b

∂P

∂m
+

R2ρ2

a

∂

∂t

{
Φν

R2ρ2

}
− 2Γ

R
Wν

)]

−M

R2
− 4πRP. (5.22)

The condition of baryon number conservation, (ρUµ);µ = 0, leads to
auxiliary equations for the matter evolution:

ρ =
Γ

4πR2

(
∂R

∂m

)−1

, (5.23)

1
a

∂ρ

∂t
= −ρ

1
R2

∂

∂R
(R2U) +

1
2Γ

ρRΦν . (5.24)

The gravitational mass is given by

M = 4π
∫ m

0
dm

∂R

∂m
R2

[
ρ(1 + ε) +

U

Γ
Φν

]
, (5.25)

1
a

∂M

∂t
= 4πR2(UP + ΓΦν), (5.26)

1
b

∂M

∂m
= 4πR2

[
Γρ(1 + ε) + UΦν

]
. (5.27)

The baryon rest mass of the star is simply given by the integral over the
proper volume, d(V ol) = 4πR2dR/Γ,

M0 = 4π
∫

R2dR
ρ

Γ
. (5.28)

The matter internal energy evolves according to

1
a

∂εM
∂t

= −PM
1
a

∂

∂t

(
1
ρ

)
− 1

ρ

6∑
i=1

∫
ΛidEdΩν , (5.29)

where PM is the matter pressure and the Λi are neutrino source terms to
be discussed below.
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The condition of lepton number conservation leads to an expression for
the change in the average electron fraction (or charge per baryon) Ye due
to weak interactions,

ρ

mb

1
a

∂Ye
∂t

= −
∑
i

(Λi − Λ̄i)
dq

q
dΩν , (5.30)

where q ≡ aεν , εν is the neutrino energy, and q is the energy a neutrino
would have if it were removed to infinity.

5.3 Numerical methods

5.3.1 Hydrodynamics

The hydrodynamic equations are solved using the Lagrangian formulation
as outlined in Chapter 2 for the case of spherical symmetry and V i

g = V i.
The acceleration equation (5.22), can be broken into two parts:

1
a

∂U

∂t

∣∣∣∣
1

= − Γ
ρh

[
1
b

∂P

∂m

]
− M

R2

[
1 +

4πR3P

M

]
, (5.31)

and

1
a

∂U

∂t

∣∣∣∣
2

= − Γ
ρh

[
R2ρ2

a

∂

∂t

(
Φν

R2ρ2

)
− 2Γ

R
Wν

]
. (5.32)

The latter acceleration is considerably smaller than the former. Therefore,
these accelerations may be divided successfully. For example, the update
of the four-velocity for (Eq. 5.31) now becomes:

Ui(t + dt) = Ui(t) − dtΓ
ρh

[
1
b

(Pi − Pi−1)
(mi −mi−1)

]
− Mdt

R2

[
1 +

4πR3P

M

]
, (5.33)

with a similar update for Eq. (5.32).
The artificial viscosity acceleration is done in the same manner as was

given in Chapter 2. The matter energy is advanced by the first term in
Eq. (5.29) using (∂ρ/∂t) from Eq. (5.24) and then the (ρRΦν/2Γ) and Wν

terms are added in later during the neutrino diffusion calculation. At that
time, the (1/a)(∂U/∂t)|2 acceleration term is applied to the velocity. The
red shift equation (5.20) is evaluated by combining the ∂P/∂m term from
the acceleration calculation and the neutrino terms for (1/a)(∂U/∂t)|2
which are formed during the neutrino diffusion calculation.

5.3.2 Time step

In the center of the developing proto neutron star the speed of sound is
very high. Thus, the Courant condition (cf. Section 2.4.2) greatly restricts
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the time step. The central Courant time step is typically several microsec-
onds. To run a collapse calculation for ∼15 s then can be prohibitive. The
neutrino sections of the calculation require much more computer time
than the hydrodynamic calculations. Hence, after the explosion is under-
way it is possible to run up to approximately six hydrodynamic cycles
before calling the neutrino diffusion calculation. An additional speed-up
is possible by the fact that the Courant time step increases greatly go-
ing from inside the neutron star to outside. Therefore, after we compute
a time step for every zone, we then divide the zones farther out in ra-
dius into shells such that all of the time steps in any shell are at least
twice the minimum time step in the shell just interior to the shell under
consideration. Each shell is assigned a time step such that the time steps
increase by a factor of two from shell to shell. Then, the innermost shell is
advanced by two cycles. The next shell is advanced one cycle so the in-
ner two shells are at the same time. This is repeated and the third shell
is then advanced one cycle. The process is repeated until all shells have
advanced to the time of the outermost shell. Thus, for example, with six
shells the overall time step is 25 times the innermost time step. Overall,
by performing six hydrodynamic cycles per neutrino diffusion calcula-
tion, we have advanced in time by 32 × 6 = 192 times the innermost
time step.

5.3.3 Remap

In the supernova computer program of Wilson and Mayle [44] the system
is evolved for a time step in a completely Lagrangian sense (cf. Chapters 2
and 3). However, since matter is moving differently in different parts of
the star, it is efficient to define a new spatial grid at each time step so as
to represent best the physical structure of the star with a limited number
of zones (typically 300). All of the physical matter and neutrino variables
must then be remapped onto the new grid.

This process is similar to the transport algorithm given in Chapter 2.
For example, the density remap is achieved by first obtaining a slope
of density versus radius by the same equations as those leading to
Eq. (2.107). Then an interface density q is found similarly to Eq. (2.108)
except V idt is replaced by the difference [rnew(i)− rold(i)]. The matter to
be exchanged between zones is

Dexc = D̃4π(r3
new − r3

old)Γ̃, (5.34)

where Γ̃ is defined by Eq. (5.16) and interpolated to the center of the
displaced volume (r3

new − r3
old). Finally, the new density is obtained,

Dnew(i) = (Dold(i) V olpold + (Dexc(i + 1) −Dexc(i)) V olpnew, (5.35)
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where V olp is the proper zone volume for the chosen metric. It is

V olp(i) = (r3
i+1 − r3

i )
(

4π
3Γi

)
. (5.36)

As in Chapter 2, the exchanged mass Dexc is saved to use in the matter–
energy exchange.

In the energy remap a boundary energy ε̃ is found in the same manner
as D̃ was determined above. Then, the energy exchanged is ε̃Dexc since ε
is energy per unit mass.

Nuclear compositions are remapped similarly to ε. Neutrino distribution
functions are remapped by the density algorithm described above. Vari-
ables such as the degree of decomposition of nuclei which are not state
variables, but depend upon the equation of state, are found by using a
quadratic interpolation to the new zone centers.

The velocity remap is performed in a manner similar to the momentum
transport described in Chapter 2. A face-centered velocity is formed and
the exchanged density and Γ(ερ)exc are used to determine the exchanged
momentum. If the change in kinetic energy is greater than a small fraction
(10−10) of the internal energy, the time step is reduced.

5.3.4 Opacity averaging

Most of the neutrino opacities vary as the square of the neutrino en-
ergy. The typical fractional zone width of the neutrino energy groups is
(21/3 − 1). The Planck and Rosseland mean opacities are determined for
each energy group and specific zone as follows. Below the photosphere,
the neutrinos are assumed to be in a thermal distribution given by the
local temperature and the appropriate averages are made. Above the pho-
tosphere, the neutrino distribution is assumed, for the purpose of group
averaging, to have the same shape as that given by the temperature of
the photosphere. The energy integrated absorption and transport cross-
sections are also assumed to have this shape. The Planck opacity for
emission is formed using the local temperature to determine the spectral
shape.

5.4 Neutrino evolution equation

As seen in the previous section, a proper description of the matter evo-
lution requires the determination of the neutrino distribution functions.
This is a critical component of the supernova model.

In principle the distribution functions for the neutrinos are given from
the relativistic Boltzmann equation [43, 48] for each neutrino type.
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If we let µ ≡ cos θ, then using the time–time and space–time compo-
nents of the Einstein equation the relativistic Boltzmann equation for the
neutrino distribution as a function of µ, q,R, and t can be written

1
a

∂Fi

∂t
=

µΓ
aR2

∂

∂R
(aR2Fi) − Γ

(
1
aR

− ∂

R
ln a

)(
∂

∂µ
(Fi(1 − µ2)

)

+
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∂ ln ρ

∂R
+ R

∂

∂R

(
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R

)(
∂

∂µ

[
µ(1 − µ2)Fi

]
+ µ2q

∂Fi

∂q

)

+
q

a

∂Fi

∂q

∂

∂t

(
ln

R

a

)
+ κiρ(B − Fi)

(
1 + eq/aT

)
, (5.37)

where

B ≡ gi

(
q

a

)3 1
eq/aT + 1

, (5.38)

with gi the usual statistical factor. The quantity κi is the neutrino opacity.

5.4.1 Flux limited diffusion

The evaluation of this equation has been achieved in the past [43] by
analyzing finite difference equations in the µ coordinate. However, for
model computations with high grid resolution it is desirable to have a
faster scheme without sacrificing accuracy. The most common solution is
to introduce relativistic flux limited diffusion.

In this case the Boltzmann evolution is simplified to a diffusion equation
of the form of Fick’s law,

1
a

∂Gi

∂t
≈ ∇ · (Di∇Gi). (5.39)

To achieve this simplification we begin by introducing angular moments
of the distribution functions:

Gi =
∫

FidΩν , (5.40)

Hi =
∫

Fi cos(θ)dΩν , (5.41)

Ki =
∫

Fi cos2(θ)dΩν . (5.42)

The angular integrated Boltzmann equation can then be written in terms
of these moments,

1
a

∂Gi

∂t
+ q

∂Gi

∂q

1
a

∂

∂t
(ln a) +

1
aR2

1
b

∂
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(
aR2Hi

)
− U
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[
q
∂

∂q
(Gi − 3Ki)

]

−1
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∂

∂t
(ln (ρ))

(
Gi − q

∂

∂q
Ki

)
=

∫
ΛidΩν . (5.43)
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The summation in Eq. (5.43) is over the six neutrino and anti-neutrino
types. The neutrino energy distribution functions Gi in Eq. (5.43) are
functions of time, rest mass, and neutrino energy only. The angular de-
grees of freedom are integrated out in the right-hand side of Eq. (5.43).
The source and sink terms, Λi, are complicated functions computed from
all of the relevant neutrino–matter and neutrino–neutrino interactions
[5, 22]. Some of these interactions we discuss below.

If a diffusion equation for neutrinos is to be used, closure relations
(discussed below) are utilized to obtain expressions for the neutrino flux
Hi and pressure Ki in terms of Gi. This closure process is also related to
the ν–ν̄ annihilation rate in that the angular distribution of the neutrinos
is crucial to both diffusion and annihilation. We have used the concept of
flux limitation in terms of the quantity

x ≡ λΓ|∂Gi/∂r|
Gi

, (5.44)

where λ is the neutrino mean free path. When x is small (x � 1) the
angular distribution is isotropic. In the limit of large x the distribution is
free streaming. The complex problem of determining profiles of T, ρ, Ye, Gi

as functions of radius is described below in Section 5.4.5.
In brief, we write

Hi = DiΓ
∂Gi

∂R
. (5.45)

The method of flux limited diffusion consists of finding a form for Di such
that Eq. (5.39) remains valid from the diffusion limit where the neutrino
mean free path is small compared to the case of neutrino free streaming
over characteristic length scales of the simulation. This is achieved by
defining the diffusion coefficient as follows:

Di ≈ λi

3

(
1 + h(x)x/3

)−1

. (5.46)

The quantity h(x) is called the flux limiter. It is derived by constructing
a Padé series which fits an exact beam calculation of neutrino flow from
high to low density regimes in steady state,

h(x) ≈ 4 + x
2 + x2

8

1 + x
2 + x2

8

. (5.47)

Clearly, in the free streaming limit x � 1, D → G/Γ|∂G∂R|, while in the
short mean free path (x → 0) limit, D → λ/3 as it should. An explanation
of how this form for h(x) is derived is given in the next section.
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5.4.2 Flux limiter beam calculation

One needs to have a good numerical understanding of the transport of
neutrinos through the star for two purposes. One is to derive numerical
values to which to fit the flux limiter h(x) above. The other is to deduce
a quantitative rate for neutrino annihilation as it transits the star.

The function h(x) in Eq. (5.47) appears rather arbitrary. It serves to
reduce the effective diffusion constant. Its form was selected by making
calculations of the neutrino angular distribution and by taking the con-
figuration at several times and assuming all the state variables (ρ, T ,
etc.) are fixed. Then the neutrino distribution is found by integrating the
Boltzmann equation along many (several hundred) straight lines. That
is, we ignore the gravitational bending of the neutrino trajectories. Then,
with the detailed angular distribution determined, the neutrino flux can
be calculated and compared to the neutrino flux calculated by the use
of Eq. (5.45), (5.46), and (5.47). The agreement is usually good to a few
percent with the h(x) given in Eq. (5.47).

5.4.3 Neutrino annihilation beam calculation

The neutrino–anti-neutrino annihilation near and outside the photosphere
is particularly dependent on the angular distribution A(µ). For the beam
calculation, it is convenient to define a reduction factor R̃ for the neutrino
annihilation rate relative to that of an isotropic neutrino distribution,

R̃ =
I

JK
, (5.48)

where

I ≡
∫ (

1 − Ω1 · Ω2

)2

A(µ1)Ā(µ2)dµ1dµ2, (5.49)

J ≡
∫

A(µ1)Ā(µ2)dµ1dµ2, (5.50)

K ≡
∫ (

1 − Ω1 · Ω2

)2

dµ1dµ2. (5.51)

Following the method of [10, 16], Salmonson and Wilson [35] derived an
asymptotic formula for the annihilation reduction factor which takes into
account the gravitational bending of the neutrino trajectories. A reduction
factor for annihilation is given by the following approximate analytic form:

R̃ ≈ 1 − 0.50f(x) − 0.50f(x)2 + a(z), (5.52)

where f(x) is obtained from a fit to the beam calculation,

f(x) = (x/(3 + x(1 + 3e−x))2, (5.53)
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and a(z) is given by the analytic solution derived in [35],

a(z) = (1 − z)2(z2 + 4z + 5)/8, (5.54)

where the radial variable z is defined as

z =
√

1 − (r0/r)2[(1 − 2m/r)/(1 − 2m/r0)], (5.55)

with r0 the neutrinosphere radius. We note a word of caution that this
model of Salmonson and Wilson assumes isotropic emission from a spher-
ical surface. However, the photosphere region extends sufficiently far in
radius that the assumption of isotropic emission is probably poor near
the photosphere.

5.4.4 Neutrino pressure force

In the flux limiting approximation the matter acceleration (Eqs. (5.22),
(5.31)) due to the neutrino pressure Pν can be implemented by replacing
the neutrino pressure with

Pν =
∫

D

λ
G
dq

a
. (5.56)

Note that in the free streaming limit Pν → 0 as it should, while in the
small λ regime, Pν → (1/3)

∫
Gdq/a.

In the short mean free path regimes, Wν = (Eν − 3Pν)/2 → 0. Hence,
Eν → ∫

Gdq/a. In the free streaming limit, Pν = Eν while Wν = −Pν .
These quantities will fall off as 1/R2 in the free streaming region as they
should.

5.4.5 Neutrino angular distribution

We have reduced the problem of the angular distribution of neutrinos by
making the “diffusion approximation”. To obtain an energy integrated
angular distribution function Ai(R,µ, t) for each neutrino species, we re-
turn to the Boltzmann equation (5.37) and integrate over the neutrino
energy Q to obtain

1
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∂t
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µΓ
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a

∂ ln (R/a)
∂t

+ Λi (5.57)
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We take ρ, a, U as given functions of R and t, found by evolving the
previous diffusion equation for Gi together with the hydrodynamic equa-
tions. Then taking ∂A/∂t = 0, Eqs. (5.45), (5.46), and (5.47) can be
solved by integrating along chords through the star to obtain the angular
distribution. Similarly, we also integrate Eq. (5.37) itself along beams. In
this way we check the accuracy of the form of Eq. (5.47) by comparing
the neutrino fluxes and couplings. Evaluation of the neutrino interaction
integrals Λi is an important part of this problem. We discuss these below
in Section 5.5.

As another a check on this angular distribution, recall that the angular
integrated first moment of the distribution should reduce to

Hi =
∫

µFidΩ = −DiΓ
∂Gi

∂R
. (5.58)

On average we should have

D̄i =
∫
µAidΩ

Γ∂(
∫
AidΩ)/∂R

. (5.59)

A comparison of D̄i evaluated this way with that evaluated from the Di(x)
formula shows the consistency of this approach and is a good code check
in numerical calculations.

5.4.6 Operator splitting for the neutrino distribution

The most difficult equations to solve during the supernova evolution are
those determining the neutrino distribution functions Gi. To achieve this,
an operator splitting of Eq. (5.43) is used, whereby

1
a

∂Gi

∂t
=

(
Ôred + Ôdiff + Ôhydro + Ôsource + Ôsink

)
Gi, (5.60)

where the Ô are differential or integral operators which are labeled ac-
cording to a physical meaning (e.g. red = red shift) attributed to each
term in Eq. (5.43):

ÔredGi = −1
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∂

∂t
(ln(a))q

∂

∂q
Gi, (5.61)

ÔdiffGi = − 1
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(
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)
, (5.62)
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]
+

1
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∂
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Ki

)
q
∂

∂q
Gi, (5.63)
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(
Ôsource + Ôsink

)
Gi =

∫
ΛidΩν . (5.64)

The neutrino diffusion equation (cf. Eq. (5.43)) is solved in two steps.
During the main hydrodynamic calculation the ȧ, ρ̇, and (U/R)[∂(Gi −
3Ki)/∂q] are evaluated and used to advance Gi. Then in the neutrino
diffusion section a relatively simple diffusion equation,

1
a

∂Gi

∂t
+

1
aR2

1
b

∂

∂m

(
aR2Hi

)
− U

R

[
q
∂

∂q
(Gi − 3Ki)

]
=

∫
ΛidΩν , (5.65)

is left to be solved.

5.5 Neutrino–matter interactions

We now consider in detail the principal neutrino source and sink terms∫
ΛidΩν for the neutrino Boltzmann equation (5.43), and Eq. (5.64). It

has become clear over time that the many complex neutrino interactions
are ultimately responsible for the success or failure of the supernova mech-
anism. These can be categorized as follows:

Charged current interactions:
Electron capture

νe + n ⇀↽ e− + p,

νe + A(Z,N) ⇀↽ e− + A(Z + 1, N − 1).

Electron scattering

νe + e− ⇀↽ e− + νe,

ν̄e + e− ⇀↽ e− + ν̄e.

Annihilation
νe + ν̄e ⇀↽ e− + e+.

Neutral current interactions:
Scattering

νe + e− ⇀↽ e− + νe,

νe + A(Z,N) ⇀↽ νe + A(Z,N),

νe + p ⇀↽ νe + p,

νe + n ⇀↽ νe + n.

Annihilation
νe + ν̄e ⇀↽ e− + e−.

There are comparable reactions for the µ and τ neutrinos. One must also
consider inelastic and coherent processes. We now describe the numerical
implementation of some of these processes in more detail.



5.5 Neutrino–matter interactions 133

5.5.1 Electron capture

We consider first the change of the electron-neutrino distribution due to
electron capture by heavy nuclei.

e− + A(Z,N) ⇀↽ µe + A(Z − 1, N + 1), (5.66)

where A(Z,N) represents a heavy nucleus with Z protons and N neutrons.
Electron capture of this form is only considered in regions below nuclear
matter density in which the nuclei can be treated in nuclear statistical
equilibrium (NSE). The relation between the electron energy εe and the
neutrino energy εν and the reaction threshold Qr is simply

εe = εν + Qr, (5.67)

where the reaction thresholds are approximated by

Qr ≈ µ̂ +
ε∗

1 + (kT/ε∗)2
, (5.68)

where µ̂ is difference in chemical potential between the neutrons and pro-
tons, and ε∗ ≈ 3 MeV is a mean excitation energy. At low temperatures
and densities Qr ≈ ε∗, while at high temperatures and densities

Qr ≈ µ̂. (5.69)

The cross-section for electron (or neutrino) capture is motivated by the
calculations of Fuller et al. [14, 15]. The capture is approximated with
the free nucleon cross-section, but with only a fraction of the protons and
neutrons allowed to participate. The number Ñ of protons or neutrons
that can participate for neutron number N > 40 is approximated as

Ñ = 2.512 × 10−3/TMeV , (5.70)

for neutron numbers N ≤ 40, Ñ = 2.512. This condition on neutron num-
ber represents the thermal Pauli blocking of the electron capture reactions
as described in [14, 15].

The cross-sections for free proton electron capture σep can be written
[39]

σep =
(

1 + 3α2
S

8

)
σ0

(
εν
me

)2

. (5.71)

Similarly, the cross-section for neutrino capture on a neutron is

σνen =
(

1 + 3α2
S

4

)
σ0

(
εe
me

)2

, (5.72)
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where σ0 = 16πGF (meh/c)2 = 1.7 × 10−44 cm2, with GF the weak in-
teraction coupling constant, and me the electron rest mass. The quantity
αS ≈ 1.2 adds a strong interaction effect.

The electron capture source and sink terms can now be written∫
ΛECdΩν =

(
ρXA

〈A〉mB

)
Ñcεν

[
σepne(1 − fnue) − σνen

(
Fνe

εν

)
(1 − fe)

]
,

(5.73)

where c is the relative velocity of the collision (taken here to be the speed
of light). The factor (1− fe) is the blocking factor for an electron Fermi–
Dirac distribution fe. Similarly, the (1 − fνe) factor represents neutrino
blocking with fνe determined from

Fνe ≡
4π

(hc)3
ε3νfνe . (5.74)

Dividing Fνe by εν as on the right-hand side of Eq. (5.73) gives the
number density of neutrinos in the energy interval between εν and εν+dεν .
The quantity ne is the number density of electrons in the interval between
εe and εe + dεe = εν + dεν + Qr. The expression for ne is

ne =
8π

(hc)3
feε

2
e

√
1 − (me/εe)2. (5.75)

Using these relations we have the following evolution equation for the
electron neutrino flux:

1
a

∂Fνe

∂t
= cρκEC(B − Fνe), (5.76)

where the opacity is

κEC =
XA

〈A〉mB
Ñ

[
1 + 3α2
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4

]
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(
εν + Qr

me

)2

, (5.77)

and B is the equilibrium distribution

B =
4π

(hc)3
feε

3
e =

4π
(hc)3

ε3e
exp [(εe − µe)/kT ] + 1

. (5.78)

As in Bowers and Wilson [5] we have used the following approximate
formula for the electron chemical potential µe:

µe =
µ0e

1 + (2.20kT/µ0e)2
, (5.79)

where
µ0e = hc

(
3
8π

ρYe
mB

)1/3

. (5.80)

Here, µ0e is the T = 0 limit for µe.
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As the electron–neutrino distribution is evolved, one must also update
the matter internal energy εM and the net charge per baryon Ye. For these
we can similarly write

1
a

∂εM
∂t

=
∫

cκEC(B − Fνe)dεν , (5.81)

and
1
a

∂Ye
∂t

=
∫

cκEC(B − Fνe)
dεν
εν

. (5.82)

5.5.2 Neutrino–electron elastic scattering

Neutrino elastic scattering, e.g.

νe + e− → νe + e− (5.83)

alters the neutrino spectra and exchanges energy with the electrons. The
process is complicated by the nonthermal nature of the neutrino distri-
butions throughout much of the core. Details of the treatment are given
in Bowers and Wilson [5] which we now summarize here.

As the density in the core decreases to ρ 109 g cm−3, the neutrino
mean free path is typically much larger than the size of the core and the
neutrinos escape. These neutrinos will be emitted from the core with an
energy (∼15 MeV) typical of their last scattering. There will be, however,
an occasional scattering between these neutrinos and electrons in the low
density regions.

In the low density regions the electrons are relativistic and may be
degenerate or nondegenerate. Combining the expressions for the scatter-
ing cross-sections from Tubbs and Schramm [40] into analytic expressions
valid in both the degenerate and nondegenerate limits, one can write the
energy and angle averaged cross-section as

σe,i =
3
8
σ0ce,i

(
kT +

1
4
µe

)
ε

(mec2)2
, (5.84)

where i = νe, ν̄e, νµ, ν̄µ, ντ , ν̄τ , and µe is the electron chemical potential.
The constant factors ce,i are given in terms of the Weinberg angle ΘW as:

ce,νe = (1 + 2 sin2 (ΘW ))2 +
4
3

sin4 (ΘW ), (5.85)

ce,ν̄e =
1
3
(1 + 2 sin2 (ΘW ))2 + 4 sin4 (ΘW ), (5.86)

ce,νµ = (1 − 2 sin2 (ΘW ))2 +
4
3

sin4 (ΘW ), (5.87)
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ce,ν̄µ =
1
3
(1 − 2 sin2 (ΘW ))2 + 4 sin4 (ΘW ), (5.88)

ce,ντ = (1 − 2 sin2 (ΘW ))2 +
4
3

sin4 (ΘW ), (5.89)

ce,ν̄τ =
1
3
(1 − 2 sin2 (ΘW ))2 + 4 sin4 (ΘW ). (5.90)

The mean neutrino energy loss per collision is(
∆ε

ε

)
coll

≈ 1
2
(1 − 4kT/ε). (5.91)

In the low density regions, the up-scattering of neutrinos is ignored. There-
fore, neutrinos are only scattered if their energy exceeds, εmin > 4kT .
The change in the spectrum due to the down-scattering of neutrinos is
described by the following difference equation:

F ′
k,j = Fk,j + nec∆t

[
σj+1F̃k,j+1

∆εcoll,j+1

∆εj+1
− σjF̃k,j

∆εcoll,j
∆εj1

]
, (5.92)

where
F̃k,j = Fk,j/[1 + nec∆tσj(∆εcoll/∆εj)]. (5.93)

Here, the factor of neutrino energy loss per collision ∆εcoll is required to
produce the correct heating. This factor follows from the requirement

−∆Qν =
∑
j

(F ′
k,j − Fk,j)∆νj

(5.94)
=

∑
j>jmin

(necσj∆t)
(
F̃k,j

∆εcoll,j+1

∆εj+1

)
∆εcoll,j .

The total matter heating from elastic scattering of all neutrinos is then

ρ
dεM
dt

=
d

dt
(Qνe + Qν̄e + Qνµ + Qν̄µ + Qντ + Qν̄τ ). (5.95)

5.5.3 Intermediate density scattering

At high densities, neutrinos are trapped and well represented as Fermi–
Dirac distribution functions. However, for intermediate matter densities,
3×109 < ρ < 1012, the neutrinos can interact with the matter but are not
trapped. In this transition region one must explicitly evolve the neutrino
distributions. It is possible to treat scattering in this regime by solving
the full Boltzmann equation (e.g. [27, 43, 48]). A good approximation,
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however, [45] is to treat the neutrino scattering as an energy diffusion
problem in the Fokker–Planck approximation,

dF

dt
= ε

∂

∂ε

{
K

[
F (1 − F/αε3) + kT

(
∂F

∂ε
− 3F

ε

)]}
, (5.96)

where the diffusion coefficient K is related to the relaxation time τc and
the neutrino energy exchange per collision,

K =
∣∣∣∣∆ε

ε

∣∣∣∣
coll

τ−1
c . (5.97)

The fractional energy loss per collision (5.91) in this case is adjusted for
the appropriate energy threshold [5–7, 45].

The relaxation time is taken as

τ−1
c =

necσe,ν
1 + 2necσe,ν∆t|∆ε/ε|coll , (5.98)

where the electron neutrino scattering cross-section in Weinberg–Salam
theory is given by

σe,ν = ce,νσH , (5.99)

with

σH =

⎧⎪⎨
⎪⎩

7.66σ0εT :T ≥ µe,
0.98σ0εµe :T < µe and ε > µe,
1.48σ0ε

T
µe

(1 + 11.6T/ε)(1 + 0.259ε2/T ) :T < µe and ε < µe,

(5.100)
where σ0 = 4G2m2

eh̄
2/πc2 = 1.7 × 10−44 cm2, and ε is in MeV.

Now, the finite difference Fokker–Planck equation becomes

F ′
k,j = Fk,j +

εj
∆εj

{
Kj+1/2

[
T
F ′
k,j+1 − F ′

k,j

∆εj+1/2
− 3T

2

(F ′
k,j+1

εj+1
+

F ′
k,j

εj

)

+F ′
k,j+1/2Qk,j+1/2

]
−Kj−1/2

[
T
F ′
k,j − F ′

k,j−1

∆εj−1/2

− 3T
2

(F ′
k,j

εj
+

F ′
k,j−1

εj−1

)
+ F ′

k,j−1/2Qk,j−1/2

]}
, (5.101)

where
Qj,j+1/2 = 1 − Fk,j+1

2αε3j+1

− Fk,j+1

2αε3j+1

, (5.102)

and Kj+1/2 refers to the proper centering of the diffusion coefficient,
Eq. (5.97).
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This difference equation can be written more compactly as

F ′
k,j − Fk,j =

εj
∆εj

(Fj+1 − Fj−1/2), (5.103)

where Fj+1 is defined as Kj+1/2 times the first term in brackets in
Eq. (5.101). Neutrino number is then conserved exactly as long as

J∑
j=1

(F ′
k,j − Fk,j)

∆εj
εj

J∑
j=1

(Fj+1 − Fj−1) = FJ+1/2 − F−1/2 = 0. (5.104)

One can then define Fk,J+1 such that FJ+1/2 = F−1/2 [7].
The coefficients Fk,j±1 are defined at the energy nodes. However, they

can be written as a linear combination of group centered values:

Fk,j+1/2 = ajFk,j+1 + (1 − aj)Fj,k, (5.105)

where the coefficients aj can be determined [7] by requiring that a thermal
distribution be achieved in the steady state solution to Eq. (5.101). A
simpler approach, however, is to require that the steady state solution be
given by

F + T

(
∂F

∂ε
− 3F

ε

)
= 0. (5.106)

When finite differenced, this leads to a solution for the coefficients,

aj =

3T
2

[(
Fk,j+1

εj+1

)
+

(
Fk,j

εj

)]
− T

[
(Fk,j+1−Fk,j)

∆εj+1/2

]
−Fk,j

Fk,j+1 − Fk,j
. (5.107)

Inserting this into Eq. (5.101), the finite differenced Fokker–Planck equa-
tion then assumes the form

Aj + BjF
′
k,j−1 + CjF

′
k,j + DjF

′
k,j+1 = 0, (5.108)

which is the implicit solution of a diffusion equation.

5.5.4 Neutrino annihilation

A major heating mechanism at late times outside the proto neutron star
is neutrino pair annihilation,

νe + ν̄e ⇀↽ e− + e+. (5.109)

The cross-section for neutrino interactions is proportional to the neutrino
energy squared in the rest frame of the reaction,

σeff = σ0

∫ (
1 − Ω1 · Ω2

)2

A(µ1)Ā(µ2)dµ1dµ2. (5.110)
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Relativistic corrections to the neutrino annihilation rate can be important.
See [35] and Section 5.4.3 for a discussion of how to implement them.

5.5.5 Pair production of neutrinos in the core

An important mechanism for neutrino production in the core is by pair
annihilation,

e+ + e− ↔ νi + ν̄i. (5.111)

There are also contributions from plasmon decay,

γpl ↔ νi + ν̄i, (5.112)

and by the weak conversion of energetic electrons and positrons into µ or
τ mesons:

e− ↔ νe + ν̄µ + µ−, (5.113)

e+ ↔ ν̄e + νµ + µ+, (5.114)

with a similar conversion for τ mesons.
The µ and τ neutrinos are expected to behave similarly. They are de-

scribed by distribution functions H(νi). In general, H and H̄ are not
Fermi–Dirac distributions and must be evolved in time.

An excellent approximation [5] to the spectral evolution due to pair
annihilation is given by

(
dH

dt

)
pair

= g
Ėpair

48kT 9

ε4T 4

eε/T + 1

[
1 − H

gαε3

(
eε/T

βT 4

∫
Hdε

gα
+ 1

)]
, (5.115)

where β = 5.682 is a normalization constant, and Ėpair is taken to be the
contribution from both thermal pair annihilation and plasma decay,

Ėpair = Ėth + Ėplas. (5.116)

The thermal rate of pair annihilations is given by

Ėth =
∫ ∫

(ε−e + ε+e )σLvdn+
e dn

−
e , (5.117)

where σL is the weak interaction cross-section. The following simple ana-
lytic expression provides a reasonable approximation in both the degen-
erate and nondegenerate relativistic limits [5]:

Ėth ≈ 69.3σ0

4πm2
e

[
(Cv − 1)2 + CA

]
(kT )9fT (x), (5.118)
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where T is in MeV, and

fT (x) =
1

1 + 0.07ex
+ 0.007X5e−x, (5.119)

with x = µe/kT . The energy rate from plasmon decay can be reproduced
sufficiently accurately with

Ėplas = 2.85 × 1015(Cv − 1)2T 6Y 6e−Yf fp(Y ) erg cm−3 s−1, (5.120)

where
Y =

h̄ωp

kT
=

0.288
T

× 10−2ρ1/3, (5.121)

and

fp =
15(1 + Y 2)
15 + Y 2

. (5.122)

5.5.6 Neutrino–nucleus interactions

Coherent scattering of neutrinos from nuclei includes corrections for the
nuclear finite size and ion–ion correlation effects [5, 40]. After angular
integration, the coherent scattering cross-section can be written

σA,Coh =
2
3

(Ā−XB)
4

σ0ν
2

(mec2)2

[
1
2
(1 − 2 sin2 θW )(2Z − 1) − sin2 θW

]2

,

(5.123)

where Ā is the atomic weight averaged over all heavy nuclei and helium

Ā = XAA + 4XHe + XB. (5.124)

Nuclear structure effects are added by multiplying σA,Coh by a factor [40]

F (ε) = exp
[
−1

2
rAε

h̄c

]
, (5.125)

where rA ≈ 10−13 cm is the nuclear radius. Ion–ion correlation effects are
similarly approximated by multiplying σA,Coh by a factor S(X) given in
[5]:

S(X) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

6
bX2

1

[
1 − X

2 − X2

6 + 1−X
X ln (1 −X)

]
: X ≤ X1,

6
bX3

{
X3

1
3 − (X − 1)

[
ln (1 −X1) + X1 + X2

1
2

]}
: X > X1,

+ 1 − 3(X1/X)2 + 2(X1/X)3

(5.126)
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where

X =
b

2Γ
4(hν)2a2

(h̄c)2
, X1 = b/(1 + b), b = 3Γ/10 − 1, (5.127)

and

Γ =
(ZAe)2

akT
, (5.128)

with the interior nuclear separation given by a = (3/4πnA)1/3.
Neutrinos can also scatter inelastically from nuclei and eject a nucleon,

leaving the daughter nucleus in an excited state. For example,

νi + ZA → ν ′i + Z(A−1)∗ + n. (5.129)

To include this effect one can take

Ḟi = fH(εν − ε0ν)
2 cσ0ρNA

(mec2)2
= H, (5.130)

where the neutrino–nucleon interaction cross-section is σ0 ≈ 1.7 × 10−44

cm−2 and ε0ν is the threshold energy for neutrino induced nucleon emission,
typically 15–18 MeV. The numerical implementation of Eq. (5.130) is to
update the neutrino distributions F ′

i with

F ′
i − Fi =

F− + fHHdt

1 −Hdt
. (5.131)

The energy deposited by the neutrino is then

ε′i = εi + (F ′
i − Fi)k(εν = ε0ν)/ρ, (5.132)

where k is the Boltzmann constant.

5.6 Equation of state

Another key component of the supernova problem is the equation of state.
The components of matter which contribute significantly to the matter
equation of state during various epochs of the supernova collapse include
photons, electrons, positrons, pions, free neutrons, protons, and atomic
nuclei. Since material is optically thick to photons, we include photons
with matter particles in the equation of state.

In the simulations of Wilson and Mayle [44] matter is assumed to be in
local thermal equilibrium (one temperature in a zone) but not necessarily
in chemical equilibrium (i.e. the weak reactions have not necessarily equi-
librated). The independent variables chosen for their equation of state are
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the temperature T , the matter rest mass density ρ, and the net charge
per baryon Ye. Nuclear isotopic abundances are also followed. If the tem-
perature and densities are such that nuclear statistical equilibrium can be
maintained, then the abundances themselves are simple functions of the
state variables as follows.

5.6.1 Nuclear statistical equilibrium (NSE)

In NSE the individual elemental abundances are given by the nuclear
Saha equation,

X(Z,A) =
g(Z,A)

2A

[
mµρ

A−1

mA−Z
n mZ

p

]
A5/2

µ

(
2πh̄2

mµkT

)3(A−1)/2

XA−Z
n XZ

p

× exp
{
B(Z,A)

kT

}
, (5.133)

where g(Z,A) is the nuclear partition function,

g(Z,A) =
∑
i

Ei(2Ji + 1) exp {Ei/kT}, (5.134)

mµ is the atomic mass unit, while mp and mn are the proton and neutron
rest masses, respectively. The quantity B(Z < A) is the nuclear binding
energy:

B(Z,A) = (A− Z)mn + Zmp −Aµ(Z,A)mµ, (5.135)

where Aµ(Z,A) is the atomic mass, Aµ = M(Z,A)/mµ.
The neutron and proton mass fractions are determined from the elec-

tron fraction Ye by means of the constraints:

∑
i

(
Z

A

)
Xi = Ye, (5.136)

and ∑
i

Xi = 1. (5.137)

In the model of Mayle and Wilson [22], baryonic matter in NSE is
represented as free neutrons, free protons, helium, and one representative
heavy nucleus

〈A〉 =
∑
i>4

AiXi (5.138)
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5.6.2 Nuclear burning

When matter is not in nuclear statistical equilibrium (NSE), the individ-
ual isotopic abundances are independent variables which must be evolved
dynamically. In this case, the nuclear matter evolution is approximated by
a nine element nuclear burn network (i.e. n, p, 4He, 12C, 16O, 20Ne, 24Mg,
28Si, 56Ni) as described in [46]. Thus, we must write the matter pressure
PM and matter internal energy per gram εM as functions of composition
as well, e.g. PM (ρ, T, Ye, Xi) where the Xi are elemental mass fractions.

5.6.3 Photons, electrons, positrons, and pions

The photon contribution to the matter pressure Pγ and the photon energy
density Eγ is given by the usual Stefan–Boltzmann law,

Eγ = 3Pγ = aT 4, (5.139)

where a = 1.37 × 1026 erg cm−3 MeV−4. Numerical integrations over
Fermi–Dirac distributions are utilized to obtain tables of electron plus
positron pressure and energy density. The pions are assumed to obey a
dispersion relation of the form

ε2π = m2
π + p2

πR

(
1 +

Λ2χ

1 − g′Λ2χ

)
. (5.140)

The quantity in brackets is a many body term which takes into account
the polarization of the nuclear medium. It is given by [12]

Λ2χ = − 4.53ωρ
m2

π(ω2 − ε2)
exp

[
−2

(
p

7mπ

)2]
, (5.141)

with
ω =

√
m2

∆ + p2 −mN . (5.142)

The pion contribution to pressure and energy density is then evaluated
by applying Eq. (5.140) to the relevant Bose–Einstein integrals [24, 25].
See Chapter 2 and Section 5.6.6 for analyses and implementation of the
above pion model.

5.6.4 Baryons

The equation of state for baryonic particles is separated into three regions:
(1) matter below nuclear density but not in NSE; (2) matter below nuclear
density and in NSE; (3) matter above nuclear density. The equation of
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state for each of these regions is constructed from the Helmholtz free
energy per baryon

F = −kT lnZ, (5.143)

where Z is the relevant partition function. The pressure and energy den-
sity then follow from the usual relations of statistical mechanics,

PM =
ρ2

mB

(
∂F

∂ρ

)
(T,Xi,Ye)

, (5.144)

εM = − T 2

mB

(
∂F

∂T

)
(T,Xi,Ye)

. (5.145)

5.6.5 Baryons below nuclear density not in NSE

In this region, the free energy per baryon is taken as the sum of the
ideal gas free energy Fg plus a Coulomb correction FC . For the ideal gas
component one can write

Fg =
∑
i

[
kT

Ai
ln

(
Xiρα

T 3/2A
5/2
i

)]
. (5.146)

The thermal wavelength per electron charge α is written

α =
h3

3(2πkmB)3/2
, (5.147)

where i runs over the nuclei in the burn network. The Coulomb term is

FC = −1
3

(
ρ

mB

)1/3

e2〈A〉2/3Y 2
e . (5.148)

With these relations the baryonic pressure and energy per gram become

PM = kT
ρ

mB

(∑
i

Xi

Ai

)
− 1

9mB

(
ρ

mB

)4/3

e2〈A〉2/3Y 2
e , (5.149)

and

εM =
3
2
kT

mB

(∑
i

Xi

Ai

)
− 1

3mB

(
ρ

mB

)1/3

e2〈A〉2/3Y 2
e . (5.150)
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5.6.6 Baryons below nuclear density and in NSE

In this case for purposes of generating the equation of state, the nuclear
constituents are represented simply as free nucleons, alpha particles, and
a representative heavy average nucleus in nuclear statistical equilibrium.
The free energy per baryon is then written as a sum of constituents,

F = Fn + Fp + Fα + FA. (5.151)

The various free energies become

Fp = XBYp

{
εp0W + εN (1 −W )

+
3
2
kT

[√
1 + ζ2

p − ln
(1 +

√
1 + ζ2

p

βζp

)]}
, (5.152)

Fn = XBYn

{
εn0W + εN (1 −W )

+
3
2
kT

[√
1 + ζ2

n − ln
(

1 +
√

1 + ζ2
n

βζn

)]}
, (5.153)

Fα = Xα

{
εα0W + εN (1 −W ) +

kT

4

(
Xαρα

T 3/245/2

)}
, (5.154)

FA = XA

[
−1

3

(
ρ

mB

)1/3

e2〈A〉2/3Y 2
A + SE(YFe − YA)2

+ εN (1 −W ) +
3
4
ρ4/3Y 2

Ab(Ye) +
kT

A

(
XAρα

gAT 3/2A5/2

)]
, (5.155)

where
〈A〉 = 194.0(1 − Ye)2(1 + X + 2X2 + 3X3), (5.156)

where

X ≡
(

ρ

7.6 × 1013( g cm−3)

)1/3

. (5.157)

The quantity A in the above is taken as A = 〈A〉 for 〈A〉 < 100 and
A = 100 for 〈A〉 ≥ 100. The quantity W in the above is a weighting
factor which interpolates between low density and high density regimes.

The transition from subnuclear density to supranuclear density is ex-
pected to be smooth. The reason is that progressively larger nuclei are
formed more or less continuously as the density increases. When a rel-
ativistic Thomas–Fermi representation of the electrons is evaluated at
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subnuclear density, the electron energy is lowered by more than ∼1 MeV.
The electrostatic nuclear energy increases in magnitude as well, and the
transformation of nuclei from spheres to other shapes (spaghetti, lasagna,
etc.) also lowers the energy of the medium by about 1 MeV. The net re-
sult is that the pressure and energy are very smooth functions of density
near the nuclear saturation density. The weighting factor,

W =
(

1 − ρ

ρN

)2

, (5.158)

is chosen to represent this smooth transition.
Normal 56Fe is taken as the zero of binding energy. The energy required

to dissociate 56Fe into free nucleons is εp0 = 8.37 MeV for protons, while
for neutrons it is εn0 = 9.15 MeV. The quantity εN is the binding energy
per nucleon at nuclear density. It is defined in the next subsection.

The quantity ρN is the density at which nuclear matter becomes a
uniform sea of nucleons. This was found by fitting the saturation density
of nuclear matter (PM (ρ, T = 0, Ye) = 0) for ρ as a function of Ye. The
zero temperature result was chosen to simplify the problem of making a
smooth transition between the three equation of state regimes. The result
is

ρN = (2.66 × 1014)(1 − (1 − 2Ye)5/2) g cm−3. (5.159)
The quantities ζn and ζp are a measure of the degeneracy of the free

baryons. They are defined by

ζn =
B(ρYnXB)2/3

kT
, ζp =

B(ρYpXB)2/3

kT
, (5.160)

where the constant B is chosen to be

B =
3
10

(
3
8π

)2/3 h2

m
5/3
B

(5.161)

such that B(ρYiXB)2/3 is the energy per baryon of a zero temperature
nonrelativistic fermion ideal gas.

In the above, XB is the free baryon mass fraction while Xα and XA

are the mass fractions of 4He and heavy nuclei in obvious notation. The
quantities Yp and Yn are the fractions of free nucleons in protons or neu-
trons, respectively. Clearly, Yp + Yn = 1. The quantity YA is the average
Z/A for heavy nuclei.

The constant β appearing in Eqs. (5.152) and (5.153) is determined
such that the translational parts of Fp and Fn reduce to the correct non-
degenerate limit (T → ∞, ζi → 0). That is,

3
2
kT

[√
1 + ζ2

n − ln
(

1 +
√

1 + ζ2
n

βζn

)]
→ kT ln

(
xBρYiα

sT 3/2

)
. (5.162)
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This requirement implies

β =
(
α

2

)2/3( 3
eB

)
= 0.781. (5.163)

The expression for b(Ye) in Eq. (5.155) is determined by the condition
that the Coulomb contribution to the pressure at ρ = ρN is canceled by
the term proportional to b(Ye). This gives,

b(Ye) =
1
18

(
1

mB

)1/3

e2〈A〉2/3
[

1
ρN

+ 2
(
∂ln〈A〉
∂ρ

)
ρ=ρN

]
. (5.164)

The expression for the statistical weight of the heavy nucleus gA appearing
in Eq. (5.155) is

1
A

ln gA =
3
2

{[
1−

√
1 +

(
T

TS

)2] T

TS
+ ln

[
T

TS
+

√
1 +

(
T

TS

)]}
, (5.165)

where
TS = 8( MeV)

(
1 + 2

ρ

ρN

)
. (5.166)

The constant SE = 120 MeV is derived for a symmetry energy of 30 MeV
per nucleon. The constant YFe = 0.464 is the fraction of protons in 56Fe.

The chemical potentials are found from the free energy as

µn =
(

∂F

∂XB
− Yp

XB

∂F

∂Yp

)
, (5.167)

µp =
(

∂F

∂XB
+

Yn
XB

∂F

∂Yp

)
, (5.168)

µα = 4
(

∂F

∂Xα

)
, (5.169)

µnA =
(

∂F

∂XA
− YA

XA

∂F

∂YA

)
, (5.170)

µpA =
(

∂F

∂XA
+

(1 − YA)
XA

∂F

∂YA

)
, (5.171)

where µp, µn, and µα are the chemical potentials of free protons, neu-
trons, and alpha particles. The quantities µnA and µnA are the chemical
potentials of neutrons and protons within heavy nuclei. These quantities
are related by the Saha equation:

2µn + 2µp = µα, (5.172)

2µnA + 2µpA = µα, (5.173)

µnA − µpA = µn − µp = µ̂. (5.174)
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5.6.7 Baryon matter above nuclear density

We use the same supranuclear equation of state as that used by McAbee
and Wilson [25]. In that work, heavy ion collisions of 57La on 57La were
studied as a means to constrain the supernova equation of state. The
electron fraction for 57La (Ye = 0.41) overlaps that of supernovae which
ranges from Ye = 0.05 to 0.50. It is important that laboratory experiments
have been employed to constrain the equation of state.

As discussed in Chapter 2, this equation of state allows for the presence
of pions. In thermal equilibrium the pion number densities are given by
the Bose statistics:

Ni =
∫ ∞

0

d3p

h3

1
exp [(επ − µi)/kT ] − 1

, (5.175)

where επ is given by Eq. (5.140). Since επ depends on Ni through a dis-
persion relation, Ni occurs on both sides of Eq. (5.175).

If the pions are in chemical equilibrium with the other nuclear matter
the reactions

p → n + π+, n → p + π−, (5.176)

lead to the following constraints on the pion chemical potentials,

µp = µn + µπ+ , µn = µp + µπ− . (5.177)

This implies
µπ+ = −µπ− = µn − µp. (5.178)

The chemical potential of π0 is zero.
In order to find µπ− and µπ+ one must have expressions for the nucleonic

chemical potentials. The free energy per nuclear particle is taken to be
separable into functions of ρ, Yp, and T of the form

F = F1(ρ) + F2(ρ, Yp) + F3(ρ, T ), (5.179)

where the zero temperature, Yp = 0.5 component is

F1 = 8.79 MeV + E0 +
1
9
K0

[
ηΓ − 1 − Γ(η − 1)

ηΓ(Γ − 1)

]
, (5.180)

and the zero temperature asymmetry contribution is

F2(ρ, Yp) = η[16 MeV + 72 MeV (1 + 4η)−1](1 − 2Yp)
2. (5.181)

Here, η ≡ ρ/ρN where ρN = 2.667 × 1014 g cm−3 is the density of nu-
clear matter. The compressibility parameter is taken as K0 = 200 MeV,
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Γ = 2.75, and the binding energy per nucleon at nuclear density is
E0 = −16 MeV. These expressions for the zero temperature limit of the
free energy F1 and F2 are taken from Muther et al. [31]. The extra 8.79
MeV added to F1 corrects for the fact that our zero is with respect to
iron nuclei, while theirs is with respect to free baryons.

The thermal contribution F3(ρ, T ) is constructed as follows. One begins
with a degenerate gas of quasi-nucleons (neutrons and protons) and delta
particles. Their relative numbers are fixed by the equality of the chemical
potentials. Only the thermal parts of the pressure and energy per baryon
need be considered. Thus we write

F3(ρ, T ) = Θ(ρ, t) − Θ(ρ, 0), (5.182)

where

Θ(ρ, t) =
∑

i=N,∆

∫ 4πgidpip2
i

h3

(
µi

Di
− kT ln (Di)

)
, (5.183)

where gi is the usual spin/isospin degeneracy factor and

Di = exp [(εi − µi)/kT ] + 1 (5.184)

Here, the relativistic energies are

εi =
√
p2
i + (m∗

i )2, (5.185)

where the effective mass is

m∗
i =

mi

1 + 0.27ρ/ρN
, (5.186)

with mi the average rest mass of the nucleon or delta particle.
The chemical potentials µi are themselves also functions of ρ and T .

They are determined by the condition of baryon number conservation

ρNA =
∑
N,∆

∫ 4πgidpip2
i

h3

1
Di

, (5.187)

where NA is Avogadro’s number and µN = µ∆ is assumed.
The chemical potentials for neutrons and protons are found from the

total free energy:

µn =
∂F

∂Yn
, µp =

∂F

∂Yp
. (5.188)

For the supranuclear equation of state, Yp = 1 − Yn which implies

µn = −µp =
4F2(ρ, Yp)
(1 − 2Yp)

. (5.189)
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Thus, the nuclear symmetry energy per particle at nuclear density is 30.4
MeV.

The above constraints determine the pion chemical potentials. One also
has the condition of charge neutrality which requires

Yp + Yπ+ − Yπ− = Ye, (5.190)

where Yπ± is the net number of pions per baryon. An iteration method is
used to solve simultaneously for Nπ+ , µπ+ , Yp, and µ̂.

The pion contribution to the energy density Eπ and the pressure Pπ is
found from the usual Bose–Einstein statistics

Eπ =
∫

d3p

h3

επ
exp [(επ − µi)/kT ] − 1

, (5.191)

and

Pπ =
∫

d3p

h3

(pπ/3)∂επ/∂pπ
exp [(επ − µi)/kT ] − 1

, (5.192)

where επ is given by Eq. (5.140).

5.6.8 Numerical implementation of the equation of state

In numerical simulations, the equation of state is used to update tem-
perature and pressure as the matter rest mass density ρ, matter inter-
nal energy εM , and electron fraction Ye are evolved. To achieve this, a
Newton–Raphson iteration technique is utilized to find the temperature
consistent with a given ρ, εM , and Ye. The temperature is updated in all
zones at least once per iteration cycle. It is updated more often if the
internal energy εM changes by more than some specified amount during
a call to one of the routines in the operator splitting.

An estimate of the temperature and pressure is obtained between calls
to the equation of state routine by means of a “specific heat” (CV ) and
an “ideal index” Γideal such that εM = CV T and PM = (Γideal − 1)ρεM .
During subroutine calls where εM changes in value, a new estimate of the
temperature is thus easily obtained by

T ≈ εM
CV

. (5.193)

Similarly, if the density changes from ρ1 to ρ2, then the new pressure can
be approximated by

P2 ≈ P1(ρ2/ρ1)Γideal . (5.194)
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5.7 Convection

Many papers have been written in recent years on the crucial roles played
by convection to the success of the neutrino heating mechanism in a
supernova explosion. Hence, it is important to have a convection algorithm
which is both accurate and computationally efficient. Unfortunately, a
precise three-dimensional theory for convection is difficult to implement.
Below follows a description of the way in which various aspects of convec-
tion can be approximately accounted for in a one-dimensional spherical
model.

There are two separate regions in which convection can be important.
These are above and below the neutrinosphere radius Rν . The neutrino
sphere radius separates the star into two regions. Each becomes convec-
tively unstable at different times. Below Rν convection can be induced
by a doubly diffusive phenomenon, similar to a salt finger instability [36].
The convective flows in this instability have been dubbed neutron fingers
[37]. Outside Rν quasi-Ledoux convection occurs [17, 30]. Details of the
relativistic convection treatment are given below.

5.7.1 Mixing length theory

The basic elements of the mixing length theory employed in the Mayle and
Wilson supernova model are as described in Cox and Giuli [13]. Depending
upon the type of convection invoked, a convective velocity vC and a mixing
length λC can be determined. A convective diffusion coefficient can then
be defined

DC = fCvCλC , (5.195)

where the dimensionless factor fC takes into account the “angular distri-
bution” of the convective motion and is of order unity.

The following phenomenological evolution equations are taken to rep-
resent the effects of convection:

ρ
∂Ye
∂t

=
Γ
R2

∂

∂R

(
aR2ρDC

∂Ye
∂R

)
, (5.196)

and
ρ
∂εM
∂t

=
Γ
R2

∂

∂R

(
aR2ρDCζ

∂εM
∂R

)
, (5.197)

where ρ is the rest mass matter density, εM is the matter internal energy,
T is the material temperature, Ye is the electron fraction, and ζ is a factor
of order unity that corrects for the fact that in Eq. (5.197) we define the
energy flux in terms of a gradient in temperature rather than in terms of
an energy gradient. The effects of general relativity are taken into account
by the factors Γ and a.
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5.7.2 Convection phenomenology

The regions of the core that are unstable to convection can be identified
by the following thought experiment. Imagine a blob of matter moving
radially away from the center of the core. If it has become less dense than
the ambient material at the new height, it will be driven further away
from the center by buoyancy forces. A general criterion for determining
an unstable region is that the following condition is satisfied:

∆ρB < λC
dρ

dR
, (5.198)

where ∆ρB is the change in the blob’s density in moving outward by a
distance λC , and dρ/dR is the radial density gradient in the core (in this
section total derivatives refer to the stellar configuration). Different types
of convection occur depending on the physical conditions of the blob’s
motion.

Quasi-Ledoux convection. The standard Ledoux convection (as is often
employed in stellar evolution calculations) occurs when one considers a
blob of fluid in pressure equilibrium without heat transfer or change in
composition. For standard Ledoux convection the “composition” refers to
the nuclear composition (e.g. 4He, 12C, 16O, 24Mg, etc.). In a supernova
where nuclear reaction rates become large enough for the nuclear material
to be in nuclear statistical equilibrium (NSE), the nuclear composition is
uniquely determined by the density, temperature, and charge per baryon,
Ye. As a blob of material is transported in a supernova, its nuclear com-
position changes in response to the ambient conditions. That is, it is not
constant.

Therefore, one can define a different type of convection called “quasi-
Ledoux.” Imagine now again that a blob moves in pressure equilibrium
without heat transport. For quasi-Ledoux convection, the condition for a
blob to become unstable (5.198) at the point R + λC now becomes

ρ(PB, SB, Y
B
e ) − ρ(P, S, Ye) < 0, (5.199)

where P is the ambient pressure, S is the entropy, and Ye the ambient
electron fraction. The subscript B denotes the same quantities for the
blob. Expanding both terms in Eq. (5.199) about R gives

∂ρ

∂S

(
∆SB − λC

dS

dR

)
+

∂ρ

∂Ye

(
∆Y B

e − λC
dYe

dR

)
+

∂ρ

∂S

(
∆PB − λC

dP

dR

)
< 0.

(5.200)

The case of quasi-Ledoux convection assumes ∆SB = 0 and ∆PB =
λCdP/dR, i.e. the blob moves with no heat exchange but in pressure
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equilibrium. In the region outside the neutrinosphere, the time scale for
the blob electron fraction Y B

e to equilibrate with the ambient material is
on the order of a dynamic time scale (i.e. λC/vC , the ratio of convective
length scale to convective velocity). The change in Y B

e can be parameter-
ized by

∆Y B
e = (1 − α)λC

dYe

dR
, (5.201)

where 0 ≤ α ≤ 1 is a dimensionless ratio of the dynamic to equilibrium
neutrino interaction timescales. Using the above conditions, the condition
of quasi-Ledoux convection becomes:(

∂ρ

∂S

)
P,Ye

λC
dS

dR
+ α

(
∂ρ

∂Ye

)
P,S

λC
dYe
dR

> 0. (5.202)

Making use of the properties of the partial derivatives, this can be
rewritten as(

∂ρ

∂S

)
P,Ye

[
dS

dR
+ α

(
∂ρ

∂Ye

)
P,S

(
∂S

∂ρ

)
P,Ye

dYe
dR

]
> 0. (5.203)

Now, (
∂ρ

∂Ye

)
P,S

(
∂S

∂ρ

)
P,Ye

=
(
∂S

∂Ye

)
P,ρ

, (5.204)

and (
∂ρ

∂S

)
P,Ye

=
T

CP

(
∂ρ

∂T

)
P,Ye

, (5.205)

where CP (> 0) is the specific heat capacity at constant pressure. Using
Eqs. (5.204) and (5.205), Eq. (5.203) becomes

− T

CP

(
∂ρ

∂T

)
P,Ye

[
dS

dR
+ α

(
∂S

∂Ye

)
P,ρ

dYe

dR

]
< 0. (5.206)

To estimate the relative contributions of the terms dS/dR and dYe/dR in
Eq. (5.206) one can utilize the first law of thermodynamics applied to a
free gas of electrons, positrons, free baryons, and photons,

dE = kTdS − Pd

(
mN

ρ

)
+ (µe − µ̂)dYe, (5.207)

where E is the energy per baryon, mN is the baryon mass, µe is the
electron chemical potential, and µ̂ is the difference between the neutron
and proton chemical potentials. Using Eq. (5.207) we have(

∂S

∂Ye

)
P,ρ

=
1
kT

(
∂E

∂Ye

)
P,ρ

− (µe − µ̂)
kT

. (5.208)



154 5 Stellar collapse and supernovae

Both terms on the right-hand side of Eq. (5.208) are of order unity for the
conditions within a supernova. Furthermore, the quantity Ye only changes
slightly from values just less than 1/2 to near 1/2 as R increases at early
times after bounce. Hence, dYe/dR is much smaller than dS/dR in the
convective region. Thus, a neglect of the dYe/dR term in Eq. (5.206) is
justified. This is fortunate because one can estimate from Eq. (5.201) that
the time scale for Y B

e to come into equilibrium with the ambient material
is within an order of magnitude of the time it takes for the blob to move
the length of the convective region. Thus, it would be difficult to take into
account properly the term involving dYe/dR.

For reasonable equations of state the thermal density gradient is neg-
ative, i.e. (∂ρ/∂T )P,Ye < 0. Hence, from Eq. (5.206) we infer that the
condition for quasi-Ledoux convection to occur is a negative entropy gra-
dient, dS/dR < 0. This indeed happens behind the outgoing supernova
shock. Convection in the region exterior to the neutrinosphere may de-
velop in a manner that the fewest number of convective cells allowed by
symmetry constraints form. Thus, in this model the mixing length for
quasi-Ledoux convection is taken as the distance over which dS/dR < 0.
That is, one takes

λC = Rmax −Rmin, (5.209)

where Rmax and Rmin define the boundaries of the negative entropy
gradient.

A convective velocity (vC) is found from the relation between the con-
vective kinetic energy and the work done by buoyant forces,

1
2
ρv2

C = δρgλC , (5.210)

where
g ≡ −1

ρ

dP

dR
, δρ ≡ λC

(
∂ρ

∂S

)
P,Ye

dS

dR
. (5.211)

One can use Eqs. (5.210) and (5.211) to derive an expression for the
convective velocity,

vC = λC

[
2
g

ρ

(
∂ρ

∂S

)
P,Ye

dS

dR

]1/2

. (5.212)

For the function fC (DC = fCvvλC) we use the ansatz,

fC = 4
(

1 − R

Rmax

)(
R

Rmax
− Rmin

Rmax

)(
1 − Rmin

Rmax

)−1

. (5.213)

This phenomenology takes into account the fact that convection in this
region may form with only a single convective cell moving in the radial
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direction (at both Rmin and Rmax the material is presumed to move
perpendicular to the radius).

Neutron finger convection. In the delayed bounce mechanism for Type II
supernovae the shock wave slows while trying to exit the iron core. It is
then revived when neutrinos streaming from the proto neutron star heat
the material behind the shock through nuclear absorption and inelastic
scattering from electrons. Clearly, any process that increases the neutrino
luminosity increases the likelihood that the slowed shock will start mov-
ing again and produce a supernova. Convection could bring significant
amounts of proton rich material from within the inner core up to a region
where electron capture is no longer blocked by neutrino degeneracy. This
would increase the neutrino flux appreciably over what would otherwise
be expected.

One type of convection which has proven crucial to the Mayle and
Wilson’s [44] supernova model is a doubly diffusive phenomenon. Follow-
ing Smarr et al. [37], we will call this “neutron fingers.” Doubly diffusive
situations are characterized by having two spatial gradients, often tem-
perature and composition, in the same direction as the gravitational field.
One gradient is stabilizing and the other is destabilizing. In this way it is
possible for a fluid to be unstable to convection even though the negative
entropy gradient of the quasi-Ledoux criterion is not satisfied.

It is useful to consider ordinary salt fingers before proceeding to neutron
fingers. Salt and temperature gradients are easier to visualize. Imagine a
layer of hot, salty water residing over a layer of cold fresh water. Salty
water is more dense than fresh so it should sink, but cold water is more
dense than hot. Hence, one gradient is stabilizing while the other is desta-
bilizing. Heat diffuses much more quickly than salt in water. The ratio of
the thermal diffusivity in fresh water to that in salt water is ∼100. If a
fluid element of cold fresh water should rise up into the hot salty water it
will quickly heat up. However, the hot fresh blob will be less dense that
the hot salty water and it will continue to rise. The opposite is true, how-
ever, of a hot salty blob that enters cold fresh water. It becomes a cold
salty blob that is more dense than the cold fresh water around it. Hence
it commences to sink. The situation is clearly unstable. Ultimately, long
thin fingers of hot, salty water penetrate the cold, fresh bottom layer and
vice verse.

A similar initial arrangement exists in the proto neutron star. The
collapse stops when the center reaches nuclear density. The homologous
(velocity proportional to radius) inner core (of roughly 1/2 M�) is falling
at subsonic speeds. Hence, the information that the collapse has halted
is transmitted as a relatively gentle sound wave. Outside the homologous
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core, however, the infall is supersonic. This causes a shock to form at the
sonic point, i.e. the point at which the collapse velocity exceeds the speed
of sound for the material.

The shock moves outward, raising the entropy of the outer mantle to
three to four times that of the inner core. Neutrinos trapped in the inner
core block electron capture and prevent significant deleptonization there.
Ye remains at about 0.3. The outer mantle is hotter and less dense, so
neutrinos can escape more easily. This leaves room in the phase space
for neutrinos released by electron capture, which drives Ye down to 0.1.
Thus, Ye decreases with radius. The final picture is a sphere of about 1.5
M� with significant gradients in both entropy S and Ye.

This situation is analogous to the salt finger instability. That is, high
entropy material with a low Ye lies on top of lower entropy material with
a higher Ye. The rapidly diffusing substance is again heat, transported in
this case by neutrinos of all types (νe, ν̄e, νµ, ν̄µ, ντ , ν̄τ ). The more slowly
diffusing quantity is Ye which depends upon only the νe and ν̄e neutrinos.
In fact, as long as the neutrinos are not too degenerate, the diffusion of
both species in the direction perpendicular to the radius tends to offset
each individual species’ effect on Ye so that Ye can only come into equi-
librium slowly. This leads to the development of filaments of neutron rich
material as depicted schematically on Figure 5.2. The importance of this
phenomenon is that it allows the regions of neutrino-trapped material to
convect up to near the surface. This increases the rate and efficiency of
neutrino emission from the hot core. This is crucial to the revival of the
slowed shock by neutrino heating.

One can model the neutron finger convection by assuming that a blob of
material moves in thermal and pressure equilibrium, but not in chemical
equilibrium with the surroundings. The condition for instability to occur

Cold

Heat
flux

High
Leptonic
   flux

Hot

LowYe
g

Ye

Fig. 5.2. Schematic illustration of the neutron finger convective instability.
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[11] can then be written

ρ(P, T, Y B
e ) − ρ(P, T, Ye) ≈

(
∂ρ

∂Ye

)
P,T

(
∆Y B

e − λC
dYe

dR

)
< 0. (5.214)

One can then take into account the change in Y B
e as the blob moves in a

similar manner to that for the quasi-Ledoux convection (5.201),

∆Y B
e = (1 − β)λC

dYe
dR

, (5.215)

where 0 ≤ β ≤ 1. Thus Eq. (5.214) can be rewritten

β

(
∂ρ

∂Ye

)
P,T

λC
dYe

dR
> 0. (5.216)

In laboratory experiments of salt fingers, convective cells are observed
[36] to develop as long thin structures parallel to the gravitational field.
This suggests that for neutron fingers the length scale should be taken
as the extent of the region over which the inequality (5.216) holds true.
Hence, as in the case of quasi-Ledoux convection, one can take, λC =
Rmax−Rmin. For reasonable equations of state (∂ρ/∂Ye)P,T < 0, so Rmax

and Rmin can be identified as the region over which dYe/dR < 0.
To estimate β in Eq. (5.216), one can estimate the ratio r of the rates

of Ye changing processes to those of energy transport by neutrino inter-
actions in typical supernova conditions:

r =
|Nνe −Nν̄e|

Nνe + Nν̄e + Nνµ + Nν̄µ + Nντ + Nν̄τ
< 0.1, (5.217)

where Ni (i = νe, ν̄e, νµ, ν̄µ, ντ , ν̄τ ) are the number densities of various
neutrino types. This means that changes is Ye are small. Hence, one can
take β ≈ 1.

The convective velocity vC in this case can be estimated by balancing
the buoyancy force (δρg) against the force due to neutrino viscosity,

Fvisc = ηνρ∇2�V , (5.218)

where ην is the kinematic viscosity and �V is the material three-velocity.
Using the Eulerian momentum equation (cf. Eq. (2.22)) the convective
velocity can be written

vC =
δρ

ρ

g

ην
(λF )2, (5.219)
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with
δρ = λC

(
∂ρ

∂Ye

)
P,T

dYe
dR

, (5.220)

and λF is a distance characteristic of the width of a neutron finger convec-
tive cell. This latter quantity can be estimated from dimensional analysis
along with a linear stability analysis [19]

λF =
(

κνην
gξd ln t/dR

)1/4

, (5.221)

where ξ = −(∂ ln ρ/∂ lnT )P,Ye is the isobaric compressibility, κν is the
thermal diffusivity (i.e. thermal condictivity divided by the specific heat),
and ην might be called the isobaric thermal expansion coefficient. Expres-
sions for κν and ην can be derived from kinetic theory. Simple estimates,
adequate for this application are

κν =
1
3
λνc, ην =

1
3
λνc

ρν
ρ
, (5.222)

where λν is the neutrino mean free path, ρν is the neutrino mass energy
density, ρ is the matter mass energy density, and c is the speed of light.
From these expressions the convective velocity becomes

vC =
δρ

ρ

[
g

ξ

ρ

ρν

T

(dT/dR)

]1/2

. (5.223)

Since neutron fingers are long thin structures, the multiplier fC in the
diffusion coefficient (DC = fCvCλC), which for the exterior quasi-Ledoux
convection represents a geometrical factor (cf. Eq. (5.213)), becomes a
neutron finger parameter which is used to make the calculated neutrino
flux consistent with the observed flux from SN 1987A. From this, a value
of fC = 0.02 is deduced.

5.8 Model of a 20 M� supernova explosion

Here we summarize the main features of the specific calculation by Mayle
and Wilson [22] of a 20 M� progenitor star as a model for supernova
SN 1987A. The calculation began with the precollapse 20 M� model of
Weaver and Woosley [41, 42] and Arnett et al. [1] which is specifically a
model for SN 1987A. The core physics is independent of the blue or red
nature of the supergiant, so the fact that SN 1987A was a blue giant is
irrelevant to our discussion. The calculations followed the initial model
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through the core bounce, shock, late time heating, and collapse of the
proto neutron star.

In Woosley et al. [47] the evolution of the bubble was followed in 90 ex-
ponentially increasing radial zones extending from the neutrinosphere to
the shock. The mass resolution of zones at the neutrinosphere (∼11 km)
was ∼10−3 M�. However, the density falls rapidly above the neutri-
nosphere such that the zonal mass resolution within the hot bubble at
times and positions of interest was consistently 10−7 M� out to 200 km
and 10−6 M� out to 1000 km. With this zoning, the flow of the neutrino
heated material through the bubble was well resolved.

The evolution of the star was followed to 18 s after bounce. As the
shock moved out through the star, the zoning became poorer. This led to
some uncertainty in the calculations near the neutrinosphere where the
temperature gradient becomes steep late in the calculation. Nevertheless,
the zoning was adequate for a study of the nucleosynthesis above the
proto neutron star.

In these calculations, the matter equation of state included contribu-
tions from electrons, positrons, photons, free baryons, helium, representa-
tive heavy nuclei, pions, and kaons as described herein. The distributions
in energy, space, and time were followed for electron, anti-electron, µ, and
τ neutrinos. A simple nine isotope network followed the energy released
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Fig. 5.3. Sketch of average neutrino luminosity versus time for the 20 M�
supernova progenitor of [47]. (Used by permission of The American
Astronomical Society.)
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Fig. 5.4. Evolution of various mass shells with time for the 20 M� super-
nova progenitor of [47]. In (a) the trajectories of the initial mass shells
are indicated. In (b) finely defined mass shells are indicated which show
the late time ejection of mass from the proto neutron star. (Used by per-
mission of The American Astronomical Society.)
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by thermonuclear reactions. The hydrodynamics and neutrino flow were
evaluated as described in this chapter with all of the important neutrino–
matter interactions included (cf. [22]). Neutrino capture on free nucleons is
the most important source of energy for the explosion. However, neutrino
annihilation with anti-neutrinos also contributes 10–15%, and neutrino–
electron scattering contributes 15–25% to the explosion energy. Capture
and inelastic scattering on heavy nuclei also contribute to a lesser extent.

Convection was modeled in two separate regions as described in this
chapter, beneath the neutrinosphere and above it. Below the neutri-
nosphere a convective instability requires the determination of the neu-
trino distributions functions. This is a critical component of the supernova
model. The mixing length convection model [22] used in the spherical code
calculations has been shown to be adequate up to this time. Later, after
the bubble becomes very hot, the convection picture becomes more com-
plicated and mixing length theory is no longer adequate [8].

A sketch of the luminosity of emerging neutrinos from that calculation
is given in Figure 5.3. The delayed neutrinos arriving after ≈0.1 s cause
the rejuvenation of the shock and outward expansion as evidenced in the
mass contours given in Figure 5.4.

An interesting feature of this result is that the high entropy bubble
formed by the neutrino heating seems to provide an ideal site for the
synthesis of heavy nuclei by rapid neutron capture (r-process). Nucleosyn-
thesis occurs as photodissociated matter is ejected from the proto neutron
star and passes through the high entropy bubble. Figure 5.5 summarizes

Fig. 5.5. Final integrated r-process abundances (line) from the 20 M�
supernova progenitor of [47] compared with the solar system r-process
abundances. (Used by permission of The American Astronomical Society.)
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the agreement between observed solar system abundances [18] and the
calculated abundances for material which has passed through the bub-
ble. Although these results look promising, elements with A ∼ 90 were
significantly overproduced by a factor of more than 100. Furthermore,
neutrino–nucleus interaction processes have been shown [13, 26, 28, 34]
to hinder the r-process by decreasing the neutron-to-seed abundance ratio
(although they can help to smooth the final abundance pattern). Recent
calculations with the improved neutrino annihilation representation [35]
give much more production of high mass nuclei. This should help to over-
come the difficulties discussed in [13].
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6
Axially symmetric relativistic

hydrodynamics

6.1 Systems with a fixed metric

For many problems with axial symmetry (e.g. accretion) the metric is
dominated by an inner compact neutron star or black hole. The matter
flow of interest, however, contributes negligibly to the metric. Hence, the
metric can be treated as a fixed background. This eliminates the need to
solve for the dynamics of the gravitational field and greatly simplifies the
problem. We consider such problems first.

In a sense, hydrodynamics with respect to a fixed background is
equivalent to doing special relativity in a fixed geometry. The metric itself
could be of Kerr, Schwarzschild, conformally flat, or even post-Newtonian
form. It matters not whence the metric arose nor whether it is an exact
solution to the Einstein field equations.

6.1.1 Kerr metric

In cylindrical t, R, Z, φ coordinates the Kerr metric can be written

gµν =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−
[
1 +

(2mr(a2+r2)
ρ2∆

]
0 0 2amr

ρ2∆

0 ∆
ρ2

(
Z2

∆ + R2

r2

)
Rz
ρ2

(
∆
r2 − 1

)
0

0 Rz
ρ2

(
∆
r2 − 1

)
∆
ρ2

(
r2

∆ − z2

r2

)
0

2amr
ρ2∆

0 0 1
ρ2

(
r2

R2 − a2

∆

)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

(6.1)
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where a is the specific angular momentum a ≡ J/M2, and the other pa-
rameters are defined as follows: r2 ≡ R2 + Z2; ∆ ≡ r2 − 2Mr + a2; and
ρ2 ≡ r2 + a2Z2/r2.

The volume factor is written slightly differently here,

g ≡
√
−det(gµν) = R

(
1 +

a2Z2

r4

)
. (6.2)

The axisymmetric hydrodynamic equations of motion [3] are then,

Ḋ +
1
g

∂

∂R

(
DV Rg

)
+

∂

∂Z

(
DV Zg

)
= 0, (6.3)

Ė +
1
g

∂

∂R

(
EV Rg

)
+

∂

∂Z

(
EV Zg

)

+ P

{
∂U t

∂t
+

1
g

[
∂

∂R

(
URg

)
+

∂

∂Z

(
UZg

)]}
= 0, (6.4)

Ṡi +
1
g

∂

∂R

(
SiV

Rg

)
+

∂

∂Z

(
SiV

Zg

)
+

∂P

∂xi
+

1
2
∂gαβ

∂xi
SαSβ

St
= 0. (6.5)

6.1.2 Accretion shocks

As an illustration, we describe the formation of shocks during accretion
onto a Kerr black hole. Accretion onto a black hole was studied in [6]. The
problem was to find which parameters for the black hole and the accreting
gas led to the formation of a shock wave external to the black hole. The
rotation was parametrized by the hole’s specific angular momentum a,
and the matter flow was parameterized by the specific angular momentum
of material at the grid boundary, A ≡ Uφ(rmax/M). At the waist of an
extreme (a = 1) Kerr black hole, the lowest gas velocity that can fall
directly in is Uφ = 2.0. Table 6.1 shows the results for shock formation.

Illustrations of the flow velocities for selected calculations are shown
in Figure 6.1 from [6]. In most cases the gas falls into the hole with no
appreciable heating. However, when material is corotating with the met-
ric, shock waves are formed if the specific angular momentum of the black
hole is close to its maximum value and if the specific angular momentum
of the infalling material Uφ/M is greater than 2. For counter-rotation,
Uφ < 0, the matter is pulled into the black hole unless the counter-rotation
velocity is extremely large, Uφ � 0.
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Table 6.1 Summary of accretion flow into a Kerr black hole

a Uφ Γ Flow characteristics
0 0 3/2 smooth accretion
0 0 4/3 smooth accretion
0 0 4/3 smooth accretion
0.714 0 3/2 stationary shocks
1 3 3/2 smooth accretion
1 2 4/3 smooth accretion
1 3 4/3 shocks plus vortex behind shocks
1 4 4/3 shocks plus vortex behind shocks
1 −2 4/3 smooth accretion
1 −4 4/3 smooth accretion

6.1.3 Kerr accretion with magnetized gas

The Kerr accretion calculations described in the previous section have
been extended [8–10] to a study of the accretion of magnetized gas. To see
how this was done, let us first address how relativistic magnetohydrody-
namics can be carried out in axially symmetric systems.

For axially symmetric systems, the problem simplifies if the magnetic
field is represented [5] by Hφ and Aφ, where Hφ is the magnetic field in
the φ direction, and Aφ is the φ component of the vector potential.

Magnetic fields are easily entered in relativity by adding the electromag-
netic stress energy tensor,

Tµν = TFluid
µν + TEM

µν , (6.6)

where
TEM
µν =

1
4π

(gαµFµλFαβ +
gαβ
4

FµλFµλ), (6.7)

and as usual, the electromagnetic tensor Fµν can be related to a vector
potential Aν ,

Fµν =
∂Aν

∂xµ
− ∂Aµ

∂xν
. (6.8)

The nonvanishing spatial components of Fµν are thus,

Frz = Hφ, Frφ =
∂Aφ

∂r
, Fzφ =

∂Aφ

∂z
. (6.9)

Then, from the assumption of perfect conductivity, UµFµν = 0, the
spacetime components can be obtained:

Ftr = V zHφ + V φFrφ, (6.10)
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Fig. 6.1. R–Z projection of the three-velocity vector V i for material flow-
ing into a Kerr black hole, from [6]. Plots are labeled with various values
of the black hole specific angular momentum a = 0 or 1 (extreme Kerr),
and the accreting material specific angular momentum A defined as Uφ

at the boundary radius divided by the mass of the black hole. The length
of the arrows is scaled so that the maximum vector length is that indi-
cated below each plot. (Used by permission of The American Astronomical
Society.)
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Ftz = V φFzφ − V rHφ, (6.11)

Ftφ = −V rFrφ − V zFzφ =
∂Aφ

∂t
. (6.12)

The time evolution of Hφ then arises from Maxwell’s equation

Frz;t + Ftr;z + Fzt;r = 0, (6.13)

which gives

∂Hφ

∂t
=

∂

∂z

(
V φ∂A

φ

∂r

)
− V zHφ − ∂

∂r

(
V φ∂A

φ

∂z

)
+ V rHφ. (6.14)

The momentum equation must also be modified for the effects of a
magnetic field on the matter (e.g. magnetic braking). These effects enter
through an an additional term JµFµj , where the current Jµ is written,

Jµ = ∇νF
µν =

1
g

∂

∂xν

(
gFµν

)
. (6.15)

The momentum equation (6.5) is then modified to become,

Ṡj + · · · + JµFµj = 0. (6.16)

For low density magnetized gas it is important to include properly the
inertia of the magnetic field in the momentum equation. To do this we
identify the terms in JµFµj that multiply the velocity acceleration U̇j .
We call these coefficients F (j). Then, we can rewrite the magnetohydro-
dynamic momentum equation (6.16) as

Ṡj + · · · + U̇jF (j) + (JµFµj − U̇jF (j)) = 0. (6.17)

When doing the operator splitting for the numerical evaluation, one can
then collect these terms together and solve for U̇j ,

U̇j +
(JµFµj − U̇jF (j))
D + ΓE + F (j)

= 0, (6.18)

so that the operator split Ṡj term becomes

Ṡj +
(JµFµj − U̇jF (j))

1 + F (j)/(D + ΓE)
= 0. (6.19)

For example, the relevant operator split radial momentum equation in
spherical coordinates becomes

Ṡj +
1
Q

(JµFµj − U̇jF (j)) = 0, (6.20)
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where

Q = 1 +
1

(D + ΓE)W

[
grrgθθH2

φ +
(gttgφφ − gφtgφt)

gtt

(
∂Aφ

∂r

)2]
. (6.21)

This procedure normalizes the electromagnetic force by the direction
dependent ratio of the inertial magnetic energy density to the inertial
mass energy density. This keeps the system well behaved for magnetic
fields with energy densities comparable to or greater than the matter
mass energy density (i.e. near equipartition).

6.1.4 Magnetohydrodynamics results around a Kerr black hole

The accretion onto a Kerr black hole can be parameterized by a, Uφ, and
H, where H is the ratio of magnetic field energy density to the gas density
at the outside of the calculational grid. The field is greatly amplified if a
and/or Uφ �= 0. In this case, strong shear develops in the flow, leading to
large amplification of the magnetic field. Even with a = 1, Uφ = 1, and
H = 0.0001, complex flow results [2, 8, 9, 10] as shown in Figure 6.2.

One point of interest is the electric charge which accumulates in the
black hole. The charge is determined in the calculation by evaluating the
radial electric field at the surface of the black hole (Gauss’ law). Figure 6.3
shows how the black hole charge evolves with time along with the fields
near the equator of the black hole. The charge rises to a fixed value as
the flow settles into a steady state. The conducting gas contains a total
charge nearly equal to, but of opposite sign to, the black hole’s charge
(see Figure 6.3).

6.2 Rotating stars

We now consider axisymmetric systems in which the metric cannot be
treated as a simple Kerr or Schwarzschild background, but must be solved
along with the matter equations. The simplest example of this is the
interior equilibrium configuration of axially symmetric rotating stars.

6.2.1 Rotating stars

Spherical supermassive stars are unstable because the effective pressure
index in the interior approaches Γ = 4/3. This pressure response is too
weak to resist the increased gravitational attraction that general relativity
induces. A study [10] was made of rotating stars using the metric intro-
duced by Bardeen and Wagoner [1],

ds2 = B2e2F [e2C(dR2 + dZ2) + R2(dφ− ωdt)2)] − e−2Fdt2. (6.22)
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Fig. 6.2. Computed poloidal field lines [9] for the in-fall of material with
A = 1 onto an extreme a = 1 Kerr black hole with H = 0.0001. Closed
looping lines are contours of A = 1, 1, 4, 2. Arrows indicate the direction
of material flow. In the region of high A the magnitudes of the velocity
are 2–5 times less than the length would indicate and the velocity goes to
zero near the hole. (Used by permission of North Holland.)

The Einstein field equations lead to the following conditions on the
metric variables:

∇ · (B∇F ) = −4πB3e2C+2F [ρ(1 + ε)(1 + v2) + P (3 − v2)]/(1 − v2)
−R2B3∇ω · ∇ωe4F /2, (6.23)

∇ · (R2B3e4F∇ω) = −8πRB4v[ρ(1 + ε) + P ]e4F+2C/(1 − v2), (6.24)

∇ · (R∇B) = 16πPRB3e2C+2F , (6.25)
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eh

Hφ

Aφ

Fig. 6.3. Computed black hole charge, equitorial vector potential, and
toroidal field near the hole [9] as a function of time for a Kerr metric with
a = 1, A = 1, and H = 0.0001. (Used by permission of North Holland.)

and
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(
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where

S1 ≡ R

4

{(
∂ logB
∂Z

)2

−
(
∂ logB
∂R
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+
1

2B
∂2B
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− 1
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(
∂F

∂Z

)2

−R2B2e4F
[(

∂ω

∂R

)2

−
(
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, (6.27)

and

S2 ≡ R

(
1
B

∂2B

∂R∂Z
− 2

B2

∂B

∂R

∂B

∂Z
+ 2

∂F

∂R

∂F

∂Z
− R2B2e4F

2
∂ω

∂R

∂ω

∂Z

)
. (6.28)

The equation for hydrostatic equilibrium can be written

∂P

∂xi
+

1
2
∂gαβ

∂xi
UαUβ[ρ(1 + ε) + P ] = 0. (6.29)
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The solution for a rotating star can be found by choosing [7, 10]
a parameterized density distribution given by

ρ = ρ0(a + aY + bY 2)e−Y , (6.30)

where
Y ≡ [Rn + (αZ)n]1/2. (6.31)

Starting with initial guesses for the fields B,F, ω, and C, Eqs. (6.23)–
(6.26) are solved for a next approximation. Then Eq. (6.29) is integrated
to find values of Uφ and ε consistent with the fields. The field quantities
are then resolved with the new Uφ and ε. The process is repeated until
convergence is achieved.

A parameter γ can be defined which gives a measure of the strength of
the gravitational field,

γ = 1 − e−Fc , (6.32)

where Fc is the central value of F . (Note that γ is not related to the√
det(γij) as in previous chapters.) The binding energy versus γ is shown

in Figure 6.4 for several values of the shape parameter α. Unless differen-
tial rotation enhances stability, only stars with α 2 are stable. At α = 2
the binding energy is 1% of the mass and so these stars might be stable
enough to be of interest. In Figure 6.5 we show the surfaces of gtt = 0.
At this surface the frame dragging velocity becomes equal to light speed.
This defines regions in which the matter cannot sit still.

In Figure 6.6 the binding energy for a Γ = 2 star (which crudely rep-
resents a neutron star) is presented for various values of α and γ. For
low γ the shape is not very important. For α = 2, which perhaps gives
the greatest stable rotation, the maximum binding energy is increased
by 40%.

6.2.2 Magnetic rotating stars

These rotating star calculations have been extended [10] to model magne-
tized stars. Magnetic fields were introduced by the method described in
the section on Kerr accretion, i.e by representation of the field by the Hφ

magnetic field component and the vector potential component Aφ. The
comoving electric field is set to zero as before by the condition

UµFµν = 0. (6.33)

The electromagnetic energy tensor is evaluated and then the field
gravitational equations given in the previous section are augmented by
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Fig. 6.4. Binding energy in percent of rest mass versus the gravity pa-
rameter γ for several shape factors α from [7]. (Used by permission of
The American Astronomical Society.)

the appropriate magnetic terms. The equation for hydrostatic equilibrium
(6.29) is modified by the magnetic field to be

∂P

∂R
+

1
2
∂gαβ

∂R
UαUβ[ρ(1 + ε) + P ] + JαFαR = 0, (6.34)

∂P

∂Z
+

1
2
∂gαβ

∂Z
UαUβ[ρ(1 + ε) + P ] + JαFαZ = 0. (6.35)

The method of solution is the same as for the nonmagnetized stars except
that only two equations for equilibrium are available so that either the
internal energy ε is set to zero and Uφ and Hφ are solved for, or one can
also select a magnetic field configuration and then solve for ε and Uφ. For
a cold neutron star, ε would be a function of ρ and so one could solve for
Uφ and Hφ. To study equilibrium star configurations the initial density
profiles of Eq. (6.30) were used.

In Figure 6.7 the results [10] of an ε = 0, cold, low pressure star calcu-
lation are shown. For stars which are completely magnetically supported,
the binding energies are substantial even for spherical stars.
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Fig. 6.5. Contours of gtt = 0 for stars with a shape factor of α = 6 for
several values of the gravity parameter γ from [7]. (Used by permission
of The American Astronomical Society.)

In order to make dynamic calculations of magnetized stars that in-
itially have insufficient rotation and/or magnetic field, the equilibrium
equations (6.34) and (6.35) are augmented by the dynamic hydrodynamic
terms discussed earlier in this chapter. A density configuration is chosen
at the start of the calculation and the stars are assigned ε values so as to
be isentropic. A poloidal field is introduced. The field equations are solved
to advance in time, and at each hydro cycle new gravitational fields are
generated. Gravitational radiation is ignored.

During a run, the emitted gravitational radiation is estimated by

E =
1
M

∫
(
···
Q)2dt, (6.36)

and E is found to be extremely small, < 10−6.
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Fig. 6.6. Binding energy (in percent of rest mass) as a function of equation
of state index Γ. This represents neutron stars with a Γ = 2 equation of
state index for several values of the shape parameter α from [7]. (Used by
permission of The American Astronomical Society.)

During the collapse of a magnetized rotating star, differential rota-
tion develops which leads to greatly enhanced magnetic field energy. The
generation of high magnetic field energy leads to the formation of a jet
along the rotation axis as illustrated in Figure 6.7 from [10].

6.3 Systems with a dynamic metric

In systems that have a symmetry, such as axial symmetry, the full
Einstein equations become simple enough that the full equations are read-
ily solvable. An example of an axially symmetric system with no rotation
is the head-on collision of two neutron stars [11, 12]. One reason for in-
terest in this system is that it is a good test bed in which to scrutinize
methods for computing binary neutron star systems. In particular, in this
section we will examine this system as a means to explore the validity of
the conformally flat approximation introduced in the next chapter.
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Fig. 6.7. Stellar configuration of a magnetized star just after an axial
jet has formed, from [10]. The arrows indicate velocities in the (R,Z)
plane. The longest vector represents a velocity of 0.25. The closely nested
curves are isodensity curves. The dashed lines are isotoroidal magnetic
field contours. The poloidal magnetic field lines start on the equator and
go up and out. (Used by permission of North Holland.)

For the axisymmetric head-on collision problem, the ADM metric can
be chosen as,

ds2 = −αdt2 + A2
[
(βrdt + dr)2 + (βzdt + dz)2

]
+ A2e2Cr2dφ2. (6.37)

To put the metric in this simplified form, the shift vector βr, βz is chosen
so that grz = 0 and ġrr = ġzz. This requirement leads to the constraint
equations,

∂2βz

∂r2
+

∂2βr

∂z2
=

∂

∂r

[
α(Kr

r −Kz
z)

]
+ 2

∂

∂z

(
αKr

z

)
, (6.38)

and

∂2βz

∂r2
+

∂2βr

∂z2
= − ∂

∂z

[
α(Kr

r −Kz
z)

]
+ 2

∂

∂r

(
αKr

z

)
. (6.39)
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As usual, the lapse function α is chosen by setting tr(K̇ij) = K̇ = 0. This
yields

1
(AeC)r

[
∂

∂r

(
(AeC)r

∂α

∂r

)]
+

∂

∂z

(
(AeC)r

∂α

∂z

)

= 4παA2
[
(ρ(1 + ε)(W 2 − 1

2
) + P (W 2 +

1
2
)
]

+
Kj

iK
i
j

16π
. (6.40)

The Hamiltonian constraint is

1
A3eCr

(
∂2

∂r2
(AeCr) +

∂2

∂z2
(AeCr)

)
+

1
A2

(
∂2

∂r2
lnA

∂2 lnA

∂z2

)

= 4π
[
(ρ(1 + ε)W 2 + P (W 2 − 1) +

Kj
iK

i
j

16π

]

= 4π
[
(D + E)W + (Γ − 1)E

(W 2 − 1)
W

+
K2

16π

]
. (6.41)

The momentum constraints are satisfied by

∇2[A3eCr(Kr
r −Kz

z)] = 2
(
∂P

∂r
+

∂Q

∂z

)
, (6.42)

∇2(A3eCrKr
z) =

∂P

∂z
+

∂Q

∂r
. (6.43)

Where now

P ≡ A3eCr

[
8παSr +

1
2(A3e3C)r3

∂

∂r
((A3e3C)r3Kφ

φ)
]
, (6.44)

Q ≡ A3eCr

[
8παSz +

1
2(A3e3C)

∂

∂z
((A3e3C)Kφ

φ)
]
. (6.45)

The field evolution equations are given as

∂C

∂t
= −3

2
αKφ

φ − 1
2
∇ · β +

[
1
r

+
∂C

∂r

]
βr +

[
∂C

∂z

]
βz, (6.46)

∂Kφ
φ

∂t
= βr ∂A

∂r
+ βz ∂A

∂z
− 8πα

(
P +

Kj
iK

i
j

16π

)

+
1
A2

(
∂2α

∂r2
+

∂2α

∂z2

)
+

α

A2

(
∂2 lnA

∂r2
+

∂2 lnA

∂z2

)
. (6.47)
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6.3.1 Axisymmetric hydrodynamics

The hydrodynamic equations are the same as presented in Chapter 3. In
this case, however, the metric acceleration terms are

Ṡi + · · · + Wσ
∂α

∂xi
+ ασ

(W 2 − 1)
W

∂ lnA

∂xi
= 0, (6.48)

where σ ≡ D + ΓW .
To start a calculation an initial distribution of D and E is taken

(e.g. two stars in hydrostatic equilibrium). As mentioned above, this is a
good case in which to compare the difference between the exact Einstein
solution with the conformally flat metric described in the next chapter.
This approximation is often invoked as a means to solve the initial value
problem, and can even be used to approximate a dynamical system. In
this illustration we can similarly solve the initial value problem with a
conformally flat metric by simply setting C = 0.

The collision was calculated [12] for two cases. First, a collision was
computed assuming that the system remained conformally flat, i.e. C = 0.
The Eqs. (6.46), (6.47) were ignored. The density fluctuates a little as the
stars relax around their equilibrium. Overall, however, the density was
found to rise as the stars accelerated toward each other. The compression
in proper density relative to the proper density of an isolated star was
found to rise from 1.0 at the start of the calculation to about 1.7 at the
time the stars were near to touching. By this time the square of the spatial
part of the four-velocity U2 had risen to 0.04.

When the full evolution was carried out with Ċ �= 0 and K̇φ
φ �= 0,

the compression was essentially identical. This increase in central density
is comparable to that observed in binary neutron star systems with
U2 = 0.04 (cf. [4] and Tables 7.1 and 7.2). This suggests that the com-
pression observed in binary neutron star systems is not an artifact of the
conformally flat condition on the metric, but is a real relativistic effect in
accelerating systems.
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7
Hydrodynamics in three spatial

dimensions

Progress in computing full general relativistic hydrodynamics in three spa-
tial dimensions has been slow. The problem is not in the hydrodynamics,
but in the solution of the field equations. The equation for extrinsic curva-
ture, Kij , is particularly unstable. For example, at the writing of this book
no strong field fully relativistic calculation has computed more than two
orbits of a neutron star binary without becoming unstable. Currently,
there seems to be some promise, however, in a modified version of the
ADM equations based upon a conformal decomposition as originally pro-
posed by Shibata and Nakamura [63] and later reinvented by Baumgarte
and Shapiro [7]. At the end of this chapter we briefly summarize this
method for completeness. First, however, we summarize a useful alter-
native which the authors have developed for solving strong field systems
which avoids the nonlinearities of the full Einstein equations by reducing
the problem to an implementation of constraint equations.

7.1 The conformally flat approximation

For most gravitating systems studied so far (e.g. [5, 23]), only a relatively
small amount of energy is emitted by gravitational waves. Even for the
merger of two black holes it is expected [1] that only a few tenths of a
percent of the rest mass will be radiated away in gravitation. For the
case of two neutron stars we would not expect any more radiation to be
emitted during the last few orbits than for a two black hole merger, i.e.
during the inspiral, the radiated energy per orbit is a minuscule fraction
of the energy in orbital motion. Furthermore, an explicit treatment of the
radiation reaction is exceedingly difficult [23].

Therefore, we have developed an approximate solution to the ADM
equations which omits the cumbersome ADM dynamical equations

181
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(cf. Eqs. (1.51) and (1.55)) yet still gives an exact strong field solution
to the constraint equations. That is, we simplify the the ADM metric
(Eq. (1.41)),

ds2 = −(α2 − βiβ
i)dt2 + 2βidxidt + γijdx

idxj , (7.1)

by requiring that the three-metric be both conformal and flat. Hence, we
write,

γij = φ4γ̂ij , (7.2)

and
γ̂ij = δij , (7.3)

where the conformal factor φ is a positive scalar function describing the
ratio between the scale of distance in the curved space relative to the flat
space manifold, and δij is the Kronecker delta. This is an approximate
gauge condition which we refer to as the conformally flat condition or
CFC. This approximation is motivated both by the general observation
that gravitational radiation in most systems studied so far is small [1, 23],
and by the fact that conformal flatness on each space-like slice consider-
ably simplifies the solution to the field equations. This condition on the
metric, however, precludes an explicit manifestation of gravitational ra-
diation. Although gravity waves may be present, they are not manifest
without evolving the dynamical equations. Nevertheless, to estimate the
signal of emerging gravitational waves we can use a multipole formalism
[43, 67, 76]. To estimate their influence on the dynamics, a radiation re-
action potential can be added to the hydrodynamics equations to account
for the power loss from gravity waves exiting the system.

The implementation of this approximation means that, given a dis-
tribution of mass and momentum on some manifold, we first solve the
constraint equations of general relativity (GR) at each time in the cal-
culation for a fixed distribution of matter. Then we let the matter and
gravitational radiation respond to this geometry. That is, we evolve the
hydrodynamic equations to the next time step under an assumption of
“instantaneous gravity.” However, at each time step we obtain a time
symmetric solution to the field equations.

As an alternative to the explicit coupling of emitted gravitational
radiation to the hydrodynamic and geometric evolution of the system,
the initial evolution of the system (while the gravitational radiation is a
small perturbation) can also be approximated by quasi-stable orbits in
the absence of energy and momentum loss due to gravitational radiation.
One can then, after the fact, compute the expected gradual loss rate of
energy and momentum in gravity waves. This latter approach has been
often applied [76].
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An important advantage of this approach to a solution to the GR equa-
tions is that all of the constraint equations reduce to effective flat space
elliptic equations which are amenable to standard numerical techniques.
Thus, at each time slice we can obtain a numerically valid static solution to
the exact GR field equations and information on the hydrodynamic evolu-
tion and generation of gravitational radiation. However, the advance from
one time slice to the next assumes that the time evolution of the metric
can be neglected. Nevertheless, we do incorporate the radiation reaction
into the hydrodynamics via a multipole expansion.

The ultimate goal of the binary neutron star problem is to evaluate the
gravitational waves emitted near the end of the system’s evolution. To
obtain the true gravity wave signal one must evolve the binary through
many orbits. This evokes the problem of conserving the constraint equa-
tions over a long calculational time interval. This is difficult to do with the
full ADM equations in three spatial dimensions. Below we describe a con-
formally flat method of solution that preserves the constraint equations
indefinitely. However, the use of a multipole expansion to extract the grav-
ity waves is of doubtful validity in the strong field limit. We are currently
developing a method to evolve the gravity waves by a linear perturbation
of the full Einstein equations about the conformally flat solution.

7.2 Conformally flat model for binary neutron stars

Coalescing neutron stars are currently of interest for a number of reasons.
Several neutron star binaries are known to exist in the Galaxy (e.g. PSR
1913+16 [28], PSR 2303+46 [64], PSR 2127+11C [4], PSR 1534+11 [78])
whose orbits are observed to decay on a time scale of (1–3) × 108 years.
It has been recognized for some time [16, 17, 19, 60, 61, 69] that the final
stages of coalescence of such systems could be copious producers of gravi-
tational radiation. This possibility has received renewed interest with the
development of next-generation gravity wave detectors such as cryogenic
bar detectors [3], the Caltech-MIT LIGO detector [2], and its European
and Japanese counterparts, GEO600, TAMA, and VIRGO (e.g. [15]), for
which an event rate due to binary neutron star coalescence out to 200 Mpc
could be 3 per year [17, 45, 52]. It has also been proposed that such
events could account for the observed event rate and energy requirements
of at least some γ-ray bursts [49, 51, 53]. Coalescing neutron stars might
even be significant contributors to heavy element nucleosynthesis in the
Galaxy [42, 46, 65].

For much of the evolution of a neutron star binary, the system should be
amenable to a point source description using post-Newtonian techniques
[30, 34, 72]. However, as the stars approach one another the gravitational
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fields become quite strong and hydrodynamic effects should become sig-
nificant. Indeed, it is expected that the wave forms could become quite
complex as the stars merge. This complexity, however, may be sensitive
to various physical properties of the coalescing system [19] such as the
neutron star equation of state. Hence, careful modeling is needed which
includes both the nonlinear general relativistic effects and a realistic neu-
tron star equation of state. Such calculations can be used as a founda-
tion for extraction of the information contained in the detected grav-
ity waves and as a framework in which to analyze possible γ-ray burst
models.

A computation of the hydrodynamic evolution is complicated, however,
owing to the inherently three-dimensional character of the orbiting
system. To this end several attempts have been made to model the hy-
drodynamics of coalescence in either a Lagrangian smoothed particle
Newtonian approximation [21, 54] or using conventional finite difference
methods in the post-Newtonian approximation [44, 48, 49, 55]. It is im-
portant to appreciate, however, that as the two neutron stars coalesce the
system becomes strongly relativistic, and the validity of Newtonian or
post-Newtonian hydrodynamics may be questionable. Here we describe
our efforts to model such systems with relativistic hydrodynamics in a
conformally flat three-space.

7.2.1 Coordinate system

A number of possible three-space coordinate choices are available to
describe binary systems, e.g. polar, bipolar, spherical, cylindrical. Ulti-
mately, we recommend Cartesian x, y, z isotropic coordinates. This is a
natural coordinate system for three-dimensional problems, in that no spe-
cial point or singularity is introduced. It thus avoids problems associated
with finite differencing near coordinate singularities. It also has the ad-
vantage that the relativistic field equations assume a simpler and more
symmetric form.

To see the way in which the CFC allows for a solution to the relativistic
field equations, consider Eq. (1.51), the exact dynamical equation [81],

γ̇ij = −2αKij + Diβj + Djβi, (7.4)

where Di is the three-space covariant derivative [81], and Kab is the extrin-
sic curvature describing the deformation of a figure as it is carried forward
by one unit in proper time in a direction normal to a hypersurface.

Equation (7.4) is well approximated by a conformal representation (7.2)
only if the trace-free part of the right-hand side vanishes. Thus, a spatially
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flat three-metric requires,

2αKij = (Diβj + Djβi − 2
3
γijDkβ

k), (7.5)

where we have employed the maximal slicing condition, tr(Kij) = Ki
i = 0

as a gauge choice.
We use Eq. (7.5) to determine the extrinsic curvature. A convenient

consequence of this is that any geometry which is initially conformally
flat will remain conformally flat to the extent that energy in gravitational
radiation is unimportant. Equation (7.5) allows us to derive constraint
equations for the lapse function and conformal factor as described in the
next section.

As a final condition, we take the coordinate system (shift vector) to be
rotating in such a way as to minimize the matter motion in the coordinate
grid. We also add a separate grid velocity along the line between centers of
the stars. This condition enhances the accuracy of the computation of the
hydrodynamic evolution. However, this is a nontrivial condition to impose
in curved spacetime which we achieve by boundary conditions on βi along
the direction of orbital motion as described below. The additional grid
velocity V i

g along the direction between the centers of the stars highlights
the fact that the shift vector and grid velocity can be two independent
coordinate degrees of freedom. Nevertheless, it is important to remember
that all relevant forces are computed first in nonrotating Eulerian observer
coordinates (cf. Figure 1.2) which are then transformed to update the
matter fields in a rotating grid.

7.2.2 Hamiltonian constraint

We begin with the Hamiltonian constraint equation [81] (Eq. (1.59)). We
use the forms of equations as given by Evans [23]. We show here that
the Hamiltonian constraint and the maximal slicing condition (tr(Kij) =
Ki

i ≡ K = K̇ = 0) can be combined so as to form elliptic equations for
both the conformal factor φ and the product (αφ).

The Hamiltonian constraint equation (Eq. (1.59)) can be written,

R = 16πρH + KijK
ij −K2, (7.6)

where R is the Ricci scalar curvature (Eq. (1.6)), and ρH is the
Hamiltonian density (1.33).

The conformal scaling of the three-metric, Eq. (7.2), defines a conformal
metric and manifold (γ̂, M̂) related to the physical metric and manifold
(γ,M) (see [23, 81]). Covariant derivatives Di and D̂i on M and M̂ can be
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related by calculating the transformation of the Christoffel connections,

Γi
jk = Γ̂i

jk + 2φ−1
[
δijD̂kφ + δikD̂jφ− γ̂jkγ̂

ilD̂lφ

]
. (7.7)

With this, the transformation of the Ricci scalar curvature is

R = φ−4R̂− 8φ−5∆̂φ, (7.8)

where R = R(γ), R̂ = R̂(γ̂), and ∆̂ = γ̂ijD̂iD̂j . As mentioned in
Section 7.2.1, we choose a conformally flat metric, γ̂ij = δij , for which,
Γ̂i
jk → 0, D̂i → ∇, R̂ → 0, and ∆̂ → ∇2, the flat space Laplacian.
Solving Eq. (7.8) for ∆̂φ, and combining with the Hamiltonian

constraint gives the desired form for an elliptic equation for φ,

∇2φ = −2πφ5
[
ρH +

KijK
ij

16π

]
. (7.9)

In order to put this constraint equation into a form which is useful
for solution along with the hydrodynamic variables, we must introduce
conformal scalings for the source terms.

In terms of the usual equation of state index Γ, Eq. (1.33) becomes

ρH = ρW 2 + ρεW

[
ΓW − (Γ − 1)

W

]
. (7.10)

For the hydrodynamic Lorentz-contracted coordinate density, D = ρW ,
and energy, E = ρεW , we introduce the following conformal scalings,

D = φ−6D̂, (7.11)

E = φ−6ΓÊ. (7.12)

The reasons for these choices will be clear when we consider the hydro-
dynamic equations given in Section 7.3.

The extrinsic curvature is scaled by

Kij = φ−10K̂ij , (7.13)

which gives
Kij = φ−2K̂ij . (7.14)

With the introduction of these scalings, the Hamiltonian constraint can
be written in a familiar Poisson form,

∇2φ = −4πρ1, (7.15)
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in which the source term can be identified in terms of physical hydrody-
namic variables by transforming the conformal scalings in Eqs. (7.11)–
(7.14),

ρ1 =
φ5

2

[
DW + E

(
ΓW − (Γ − 1)

W

)
+

1
16π

KijK
ij

]
. (7.16)

7.2.3 Lapse function

We also use the Hamiltonian constraint together with the maximal slicing
condition tr(Kij) ≡ K = K̇ = 0 to obtain an elliptic equation for the
product of the lapse function and conformal factor (αφ). We begin with
the identities,

DiD
iα ≡ ∆α = ∆[φ−1(αφ)] = DiD

i[φ−1(αφ)] (7.17)

= φ−1∆(αφ) − 2φ−6γ̂ijD̂iφD̂j(αφ) + αφ∆(φ−1). (7.18)

Now in our conformally flat metric one can write for any scalar function,
and in particular for the quantity (αφ),

∆(αφ) = φ−4∆̂(αφ) + 2φ−5γ̂ij(D̂iφ)(D̂j(αφ)). (7.19)

Substituting this into Eq. (7.18) gives

∆α = φ−5∆̂(αφ) + αφ∆(φ−1). (7.20)

Now from the transformation properties of the Ricci curvature scalar
(7.8), Eq. (7.20) can be rearranged as

∆̂(αφ) = φ5∆α +
1
8
αφ5

[
R̂φ−4 −R

]
. (7.21)

Setting K = K̇ = 0 in Eq. (1.53) can be used to find an expression for
∆α. Then rewriting the Hamiltonian constraint (7.6), to include the CFC
and maximal slicing conditions, leads ultimately to a flat space elliptic
equation in (αφ). In Poisson-like form this is

∇2(αφ) = 4πρ2, (7.22)

with the source term written in terms of hydrodynamic variables as

ρ2 =
αφ5

2

[
D(3W 2 − 2) + E[3Γ(W 2 + 1) − 5]

W
+

7
16π

KijK
ij

]
. (7.23)

A solution of Eq. (7.22) determines the lapse function after Eq. (7.15) is
used to determine the conformal factor.
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7.2.4 Momentum constraint

With the lapse function and conformal factor determined from the
Hamiltonian constraint and maximal slicing condition, we then use the
momentum constraints to find the shift vector.

The momentum constraints (Eq. (1.60)) have the form [23],

Di(Kij − γijK) = 8πsj . (7.24)

Where Dj is the three-space covariant derivative [81], and si is the con-
travariant three-momentum density. We write this in a small character
to avoid confusing it with the spatial components of the four-momentum
which is what is solved in the hydrodynamic equations (cf. Section 7.3).
It is easy to become confused on this point, as we have shown [26, 40].

In this approximation scheme, we impose maximal slicing (tr(Kij) = 0)
and demand that the spatial three-metric γij be conformally flat. The
second term on the left-hand side then vanishes and we have,

DiK
ij = 8πsj . (7.25)

Equation (7.24) ultimately reduces to a Poisson-like equation for the shift
vector,

∇2βi = 4πρiβ − ∂

∂xi

(
1
3
∇ · β

)
. (7.26)

Thus, by introducing a decomposition of βi into

βi = Bi − 1
4
∂iχ, (7.27)

the following two elliptic equations result:

∇2χ =
4
3
∇ · β, (7.28)

∇2Bi = ρiβ, (7.29)

where

ρiβ = 4αφ4Si +
1

4πξ
∂ξ

∂xj

(
∂βi

∂xj
+

∂βj

∂xi
− 2

3
δij

∂βk

∂xk

)
, (7.30)

where ξ ≡ α/φ6 and now Si are spatial components of the covariant
four-momentum density determined from the hydrodynamics. Equa-
tions (7.28)–(7.30) can then be used to determine the components of the
shift vector.
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The meaning of orbital angular velocity becomes obscured in curved
spacetime. Nevertheless, we wish to identify an orbital frequency ω with
which to identify an orbital grid velocity. To do this we introduce ω as
a Lagrange multiplier which minimizes the matter motion with respect
to the coordinate system. Confining orbital motion to the x, y plane, we
determine the coordinate rotation frequency ω at each time step from
the weighted average of the matter four-velocity and the frame-drag shift
vector,

ω =

∫
dV (D + ΓE)

[
α(xUy−yUx)
(1+U2/φ4)

− φ4(xGy − yGx)
]

∫
dV (D + ΓE)(x2 + y2)

. (7.31)

This rotation is then subtracted as a grid velocity 
Vg =ω× 
R and added
as a coordinate rotation. This maintains the centering of the stars along
y = 0.

The fact that the constraint conditions on Eqs. (7.15), (7.22), and (7.26)
can be written in the form of flat space Poisson equations allows for these
variables to be solved by fast numerical techniques as discussed below.
However, their solution requires that boundary values for these variables
be specified at distances relatively close to the neutron stars. Our method
of determining the boundary values is described in Section 7.4.

7.2.5 Reliability of the conformally flat condition

Two questions are relevant when considering whether to take advantage
of the CFC. One is the validity of this metric choice for the initial value
problem, and the other is the effect on the system of the “hidden” gravi-
tational radiation in the physical data.

Regarding the validity of the CFC one has a great deal of freedom in
choosing coordinates and initial conditions as long as the initial space is
Riemannian and the metric coefficients satisfy the constraint equations of
general relativity [43]. Indeed, we have shown in [6] that exact solutions
for the CFC metric coefficients can be obtained by imposing the ADM
Hamiltonian and momentum constraint conditions. Nevertheless, in three
dimensions a physical space is conformally flat if and only if the Cotton–
York tensor vanishes [22, 31],

Cij = 2εikl
(
Rj

k − 1
4
δjkR

)
;l
, (7.32)

where Rj
k is the Ricci tensor and R is the Ricci scalar for the three-space.
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Equation (7.32) vanishes by fiat for the three-space metric we have
chosen. However, conformally flat solutions for physical problems have
only been proven [22, 31] for spaces of special symmetry (e.g. constant
curvature, spherical symmetry, time symmetry, Robertson–Walker, etc.
[31]). Hence, the invocation of the CFC here and in other applications is
an assumption. That is, it is a valid solution to the Einstein constraint
equations, but does not necessarily describe a physical configuration to
which two neutron stars will evolve. Nevertheless, this is a valid approx-
imation as long as the nonconformal contributions from the γ̇ij and K̇ij

equations in the exact two neutron star problem remain small. Indeed, nu-
merical tests for an axisymmetric rotating neutron star [18] have indicated
that conformal flatness is a good approximation when it can be tested.

As a related illustration, consider the Kerr solution for a rotating black
hole. It is well known that the Kerr metric is not conformally flat. The
close binaries we study have specific angular momentum only slightly
greater than that of an extreme Kerr black hole. Also, they ultimately
merge and collapse to a single Kerr black hole. Hence, an analysis of
the Cotton–York tensor for a Kerr black hole is another indicator of the
degree to which conformal flatness is a valid approximation for neutron-
star binaries.

Figure 7.1 from [41] gives the dimensionless scaled Cotton–York pa-
rameter Cθφm3 for a maximally rotating Kerr black hole as a function
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Fig. 7.1. The scaled Cotton–York tensor component Cθφm3 as a function
of proper radius r/m for a maximally rotating a = m Kerr black hole.
This quantity is a measure of the deviation from conformal flatness.
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of proper distance. For illustration, consider the decrease of this quantity
as one moves away from the horizon at m = r as a measure of the rate
at which the metric becomes conformally flat. The maximally rotating
(a = m) black hole of this example, however, is an extreme example of
compactness and angular velocity relative to any orbiting neutron stars.

It can be seen in Figure 7.1 that, even for this extreme case, the dimen-
sionless tensor coefficient Cθφm3 diminishes rapidly away from the black
hole. At the separation of interest for binary neutron stars approaching
their final orbits (r/m ∼ 10 where m is the total binary mass and r the
half separation between stars), this coefficient has already diminished to
approximately a few 10−3 of the value at the event horizon (r/m ∼ 1).
Thus, the effect of either star on its companion is probably well approxi-
mated by conformal flatness. Regarding the interiors of the neutron stars
themselves, in most cases the stars are rotating so slowly (even when
corotating) that the deviation from conformal flatness is probably neg-
ligible. Thus, it seems plausible that conformal flatness is a reasonable
approximation for most physical aspects involving the spatial three-metric
of binary neutron star systems.

The next issue concerns the “hidden” radiation in the physical data. To
address this we decompose the extrinsic curvature into longitudinal Kij

L
and transverse Kij

T components as proposed by York [80],

Kij = Kij
L + Kij

T . (7.33)

By definition the transverse part obeys

DiK
ij
T = 0, (7.34)

where Di are covariant derivatives. The longitudinal part can be derived
from a properly symmetrized vector potential. We find

DiK
ij
L = 8πSi, (7.35)

where Si are spatial components of the contravariant four-momentum
density.

The product Kij
T KT ij is a measure of the hidden radiation energy den-

sity. To find Kij
T then from our numerical calculations, we first find Kij by

choosing maximal slicing (tr(Kij) = 0) and requiring that the trace-free
part of the γ̇ij equation vanish. This gives [41, 76]

2αKij = (Diβj + Djβi − 2
3
φ−4δijDkβ

k). (7.36)
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We then determine Kij
L from the equilibrium momentum density using

Eq. (7.35) and subtract Kij
L from Kij .

We find [41] that this measure of the “hidden” gravitational radiation
energy density is a small fraction of the total gravitational mass energy
of the system, ∫

Kij
T KT ij

dV

8π
≈ 2 × 10−5 MG. (7.37)

Hence, we conclude that the CFC is probably a good approximation to
the initial data.

This should be an excellent approximation for the determination of stel-
lar structure and stability. However, an unknown uncertainty enters if one
attempts to reconstruct the time evolution of the system (e.g. the gravita-
tional waveform) from this sequence of quasi-static initial conditions. At
present we make this connection approximately via a multipole expansion
[68] for the gravitational radiation as described below in Section 7.3.2.

7.2.6 Other checks on the conformally flat condition

Since conformal flatness implies no transverse traceless part of γij it
can minimize the amount of gravitational radiation apparent in the ini-
tial configuration. However, in general the physical data still contain a
small amount of preexisting gravitational radiation. This has been clearly
demonstrated in numerical calculations of axisymmetric black hole col-
lisions [1]. In exact numerical simulations, the gravitational radiation
appears as the time derivatives of the spatial three-metric (γ̇ij) and its
conjugate (the extrinsic curvature K̇ij) are evolved. The immediate evo-
lution of the fields from conformally flat initial data is characterized by
the development of a weak gravity wave exiting the system.

An estimate of the radiation content of initial data slices for axisym-
metric black hole collisions has been made by Abrahams [1]. Even for high
values of momentum, the initial slice radiation is always less than about
10% of the maximum possible radiation energy (as estimated from the
area theorem).

Regarding the reliability of the CFC as an approach to the initial value
problem a study by Cook et al. [18] has shown that an axially symmetric
CFC approximation is quite good when computed physical observables
are compared with the exact results for axisymmetric extremely rapidly
rotating neutron stars. This is the simplest system for which an exact
metric begins to differ from a CFC metric.

In another example of an axisymmetric application of the CFC the
head-on collision of two neutron stars has been studied using both an
exact solution of the field and hydrodynamic equations [74] (cf. Chapter 6)
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and using using the CFC. As shown in Section 6.3.1, the conformally flat
and exact solutions are essentially identical to good precision. This is an
important test in that it confirms that the central density of the stars
increases as they accelerate prior to collision.

7.3 Relativistic hydrodynamics

In the CFC, the hydrodynamic equations of motion are simplified over the
more general equations of Chapter 3. In particular, the γ terms simplify
since we now have

γ = φ6. (7.38)

This gives a new expression for the Lorentz-like factor,

W = αU t =
[
1 +

∑
U2
i

φ4

]1/2

. (7.39)

The continuity equation takes the form,

∂D

∂t
= −6D

∂ log φ
∂t

− 1
φ6

∂

∂xj
(φ6DV j). (7.40)

The energy equation becomes

∂E

∂t
= −6ΓE

∂ log φ
∂t

− 1
φ6

∂

∂xj
(φ6EV j)

−P

[
∂W

∂t
+

1
φ6

∂

∂xj
(φ6WV j)

]
, (7.41)

while the momentum equation becomes

∂Si

∂t
= − 6Si

∂ log φ
∂t

− 1
φ6

∂

∂xj
(φ6SiV

j) − α
∂P

∂xi

+ 2α(D + ΓE)(W − 1
W

)
∂ log φ
∂xi

+ Sj
∂βj

∂xi

−W (D + ΓE)
∂α

∂xi
− αW (D + ΓE)

∂χ

∂xi
. (7.42)

In Eq. (7.42) we have now added the radiation reaction potential, χ.
The evaluation of this quantity is described in Section 7.3.2. The repeated
occurrence of the φ6 factors simply maintains the proper volume (proper
volume is φ6(dxi)3). This is the reason for the choice of conformal scal-
ings introduced in Eqs. (7.11) and (7.12). By making this transformation
when solving the advection equations, we can use the methods described
in Section 2.4.9. Also, when the metric is updated at the end of the cycle
(cf. Section 3.3) we can preserve D̂Ê, and Ŝi as φ is changed.
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7.3.1 Equation of state

For the orbital calculations presented here we use the zero temperature,
zero neutrino chemical potential equation of state from [76]. While the
orbital calculations of concern here should only involve zero temperature,
there is some small shock heating of the stars as they adjust to changing
conditions on the grid. Thus, we augment this equation of state with a
thermal component (taken to behave as a Γ = 5/3 gas) in order to follow
the dynamic evolution equations. Thus, we write

P = P0(ρ) +
2
3
ρ(ε− ε0(ρ)), (7.43)

where P0 and ε0 are the zero temperature pressures and energies.

7.3.2 Gravitational radiation

In general it is possible to express the emission of gravitational radiation
in terms of an “exact” expansion [68] of multipole moments of the effective
stress energy tensor, including corrections for the so-called “slow motion”
approximation. It is important to appreciate that these formulas apply to
strong field sources as well as to weak field sources as long as the relevant
components of the effective stress energy tensor can be identified. Since
here we are only concerned with orbital motion of equal mass binaries,
the multipole expansions reduce to only a few nonzero terms. These can
be evaluated and tested for convergence of the expansion (cf. [76]).

In any coordinate system (such as the one we are using here) in which
the gravity waves far from the source can be characterized as linear metric
perturbations propagating on a flat background, the transverse traceless
part of the metric perturbation characterizes the radiation completely.
This metric perturbation can be expressed [68] in terms of the mass mul-
tipole (I lm) and current multipole moments (Slm) as

hTT
jk =

∞∑
l=2

l∑
m=−l

[
r−1 (l)I lm(t− r)TE2,lm

jk + r−1 (l)Slm(t− r)TB2,lm
jk

]
,

(7.44)

where the superscript TT denotes the transverse traceless part of the
metric perturbation and the notation (l)I lm and (l)Slm denotes the lth
time derivative of the respective moments. The quantities TE2,lm

jk and
TB2,lm
jk are pure spin spherical harmonics as defined in [68].
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From this, the general expression for energy loss is

dE

dt
=

1
32π

∞∑
l=2

l∑
m=−l

〈|(l+1)I lm|2 + |(l+1)Slm|2〉, (7.45)

where the brackets denote averages over several wavelengths. Angular
momentum loss can similarly be written

dJ

dt
=

i

32π

∞∑
l=2

l∑
m=−l

〈(l)I lm∗m(l+1)I lm〉 + 〈(l)Slm∗m(l+1)Slm〉, (7.46)

where Eq. (7.46) assumes an alignment of the angular momentum vector
with the z-axis.

The radiation reaction potential χ for Eq. (7.42) can be written

χ =
1

32π

∞∑
l=2

l∑
m=−l

xixj〈|(l+1)I lm|2 + |(l+1)Slm|2〉. (7.47)

The problem then reduces to the identification of the relevant mass and
current moments in the chosen coordinates. For a coordinate system which
asymptotically becomes Minkowski, one can define a quantity

h̄αβ ≡ −(−g)1/2gαβ + ηαβ , (7.48)

where g is the determinant of the metric and ηαβ is the Minkowski metric
tensor. If h̄αβ satisfies the de Donder gauge condition

h̄αβ,β = 0, (7.49)

then the Einstein field equations take the form

h̄αβ = −16πταβ , (7.50)

where ταβ is the “effective stress energy tensor” [68].
As long as the de Donder condition is valid, Eq. (7.50) can be inverted

(using the flat space outgoing Green’s function) and the Green’s function
expanded in terms of vacuum basis functions. The resultant expression
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can then be reduced [68] to provide expansions for the desired mass and
current moments:

I lm =
16π

(2l + 1)!!

(
(l + 1)(l + 2)

2(l − 1)l

)1/2 ∫
τ00Y

lm∗rld3x

+
∞∑
k=0

16π
2kk!(2l + 2k + 1)!!

(∂t)2k
∫

τpqr
l+2k

×
[
(2l + 2k + 1)

2(k + 1)

(
(l + 1)(l + 2)

2(2l − 1)(2l + 1)

)1/2

T 2 l−2,lm∗
pq

+
(

3(l − 1)(l + 2)
(2l − 1)(2l + 3)

)1/2

T 2 l,lm∗
pq +

2k
2l + 2k + 3

×
(

l(l − 1)
2(2l + 1)(2l + 3)

)1/2

T 2 l+2,lm∗
pq

]
d3x, (7.51)

and

Slm =
−32π

(2l + 1)!!

(
(l + 2)(2l + 1)
2(l − 1)(l + 1)

)1/2

×
∫

εjpqxp(−τ0q)Y
l−1,lm∗
j rl−1d3x

+
∞∑
k=0

16πi
2kk!(2l + 2k + 1)!!

(∂t)2k+1
∫

τpqr
l+2k+1

×
[

1
2(k + 1)

(
l + 2
2l + 1

)1/2

T 2 l−1,lm∗
pq

+
1

2l + 2k + 3

(
l − 1
2l + 1

)1/2

T 2 l+1,lm∗
pq

]
d3x, (7.52)

where the Y lm∗ are the usual spherical harmonics, and T 2 l,lm∗
pq are the

pure orbital tensor harmonics as defined in [68]. The first integral in Eqs.
(7.51) and (7.52) is the usual spherical harmonic expansion. At the l = 2
level, Eq. (7.51) reduces to the well known quadrupole approximation.
The second integral in Eqs. (7.51) and (7.52) is the correction to the slow
motion approximation, which is non-negligible in the present application,
i.e. v/c 0.1.

To evaluate the time derivatives of the mass and current multipole
moments one can make use of the rotation properties of spherical tensors
whereby, rotations can be generated in terms of the Wigner D matrices,

I lm = Dl
mm′I lm

′
0 , Slm = Dl

mm′Slm′
0 , (7.53)
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where I lm
′

0 and Slm′
0 are evaluated in the rotating frame. For stable orbits

(neglecting gravitational radiation) and hydrostatic stars, these are time
independent quantities.

The main contribution to the time derivatives is that due to orbital mo-
tion. Evaluation of the orbital motion reduces to derivatives of the Dl

mm′
which for Cartesian coordinates have a simple ∼cos(mωt) dependence.

The problem with evaluating Eqs. (7.51) and (7.52) is that the multi-
pole moments are only defined in the de Donder gauge and not for our
conformally flat coordinates. Furthermore, even if the transformation to
our coordinates were straightforward (which it is not) the effective stress
energy tensor would not be known.

Fortunately, however, a transformation to de Donder coordinates is not
necessary. It is only necessary that the moments of the metric coordinates
be defined in a coordinate system which, like a de Donder coordinate sys-
tem, is asymptotically Cartesian and mass centered (ACMC). In [68] it
is proven that in such coordinate systems the covariant metric compo-
nents are time independent and expandable into a spherical harmonic
(1/r) structure in terms of the same moments (i.e. Eqs. (7.51) and (7.52))
relevant to the radiation field. Furthermore, these multipole moments are
invariant under transformations between two ACMC coordinate systems.
From these expansions we can deduce the source for the slow motion mo-
ments to be used in the equations for the radiation field ((7.45)–(7.46)).
For example, the spatial three-metric must obey [68]:

γij = δij +
N∑
l=0

1
rl+1

[
(2l − 1)!!

2

(
2(l − 1)l

(l + 1)(l + 2)

)1/2

×
l∑

m=−l

I lmY lm + (l − 1 pole) + · · · + (0 pole)
]
. (7.54)

However, the spatial three-metric (Eq. (7.2)) can also be expanded as the
fourth power of a multipole expansion of the flat space Poisson equation
for φ (Eq. (7.15)),

γij = φ4δij

=
[
1 +

∞∑
l=0

l∑
m=−l

4π
(2l + 1

qlmY lmr−(l+1)
]4

δij , (7.55)

where

qlm =
∫

d3xρ1(x)rlY lm∗, (7.56)



198 7 Hydrodynamics in three spatial dimensions

and ρ1 is the source term for φ (Eq. (7.16)). If we collect the dominant
linear terms in Eqs. (7.54) and (7.55) according to the recipe given in [68],
then we can identify the relation between the source ρ1 for the conformal
factor elliptic equation (7.15) and the mass multipole moments, i.e.

I lm =
32π

(2l + 1)!!

(
(l + 1)(l + 2)

2(l − 1)l

)1/2

qlm. (7.57)

This identification also reduces to the correct Newtonian limit. As can be
seen from Eq. (7.16), ρ1 → ρ/2, where ρ is the Newtonian matter density,
so that τ00 → ρ as required.

The contribution from the current moments is expected to be small, as
is the slow motion correction. Therefore, we are mainly concerned with
estimating the magnitude of those contributions. To the accuracy desired,
we identify the source for the current moments Slm and the slow motion
corrections with the Newtonian-like counterparts, i.e. we set τ0j = T0j ,
τij = Tij . We have computed [76] terms out to ω10, which includes mass
multipoles out to l = 4, current multipoles out to l = 3 and the lead-
ing correction for the slow motion correction. For quasi-static binary
neutron star orbits, as expected, the quadrupole term dominates. The
next largest term is the slow motion correction which contributes only a
few percent to the gravitational radiation and tends to decrease the loss
rate.

7.3.3 Solution of elliptic equations

As shown above, the solution of the field equations reduces to evaluating
numerically a set of elliptic equations. After finite differencing, the elliptic
equations are reduced to a matrix equation,

M · x = b, (7.58)

where M is a sparse matrix, x is a vector representing the relevant field
variable at each zone, and b is derived from the source terms. This equa-
tion can then be solved using any one of a number of fast matrix inversion
techniques. The algorithms available include variants of the conjugate
gradient method or successive over relaxation. We have found that the
diagonal scaling conjugate gradient method makes best use of computer
resources for this problem, although the incomplete Coleski converges fas-
ter if one has the computer memory available. Probably, the most widely
used method currently is that of multi-grid successive over relaxation.

As another important reminder, when solving the elliptic equation for
φ, the coordinate density D should be adjusted so as to preserve the
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conformal scalings, Eqs. (7.11) and (7.12). That is, D̂ = φ6D should be
kept constant. As the metric is updated, this preserves baryon number.
Also, the coordinate energy density should be changed to preserve φ6ΓE
which conserves entropy, and the momentum density should be changed
to preserve φ6Si, which maintains the momentum.

7.3.4 Extracting physical observables

In the CFC, the gravitational mass can be obtained from the asymptotic
behavior of φ → 1 + (GM/2r) (cf. Eq. (7.55)). The angular momentum,
however, is more difficult to define. We estimate this from an integral
over the spacetime components of the stress energy tensor [43] neglecting
angular momentum in the radiation field,

J ij =
∫ (

T i0xj − T j0xi
)
dV. (7.59)

Aligning the z-axis with the angular momentum vector then gives

J =
∫

(xSy − ySx)dV. (7.60)

7.4 Boundary conditions

As noted above, these choices for the metric and slicing condition lead
to a form for the Hamiltonian and momentum constraints in terms of
flat space elliptic equations, i.e. Eqs. (7.15), (7.22), and (7.26), for the
metric variables φ, (αφ), and βi. A solution to these elliptic equations,
however, requires that we specify values for φ, (αφ), and βi along the outer
boundaries of the grid. For a Poisson-like equation, the field variables
could be specified by integrating the source function over the interior,
e.g.

φ(x) =
∫

ρ1(x′)
|x− x′|d

3x′. (7.61)

However, the evaluation of this integral for each point along the bound-
aries is computationally slow. In principle, an expansion of the source
function in spherical harmonics Y lm(θ, φ) could be applied to obtain the
field variables along the boundaries.

Since the fields obey Poisson-like equations, they are additive in the
vacuum region. An expansion in spherical harmonics can then be made
in the frame of each star i = 1, 2,

φ̃i(x) =
∞∑
l

l∑
m=−l

4π
2l + 1

r−(l+1)qlmi Y lm(θ, φ), (7.62)
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where r is the distance from the center of the star, and the moments qlmi
are evaluated in the portion of the grid associated with star i. Obviously,
this distinction breaks down as the stars come into contact and one must
revert at some point to evaluating a single set of moments over the whole
grid.

As long as the two stars are distinct, the field on the boundaries x can
be given by

φ(x) = 1 + φ̃1(
x− 
x1) + φ̃2(
x− 
x2), (7.63)

where 
x1 and 
x2 are the position coordinates of the two stars. In practice
the harmonic expansion for each star converges rapidly and a truncation
of the expansion at l = 4 is sufficient.

We note that the expansion of the three-metric (Eq. (7.54)) requires
that the asymptotic form for φ obey

φ → 1 +
mG

2r
. (7.64)

Similarly, from the ACMC expansion for g00 [68] the lapse function must
approach

α → 1 − mG

r
, (7.65)

in order that the time coordinate become proper time as r → ∞. The
Poisson equation (7.22) for (αφ) can also be expanded in spherical har-
monics (e.g. Eq. (7.62)) yielding

(αφ) → (αφ)∞ − mαφ

2r
, (7.66)

where mαφ is the volume integral over twice the source ρ2. Since in general
mαφ 	= mG, we choose the boundary condition,

(αφ)∞ =
mαφ

mG
, (7.67)

to guarantee that Eq. (7.65) is satisfied. Typically, (αφ)∞ ≈ 0.98.
In the computation of the boundary conditions, one must impose a

spherical cut-off in the matter distributions at a radius equal to the largest
sphere that fits within the cubic grid. This avoids the possibility of a
spurious hexadecapole moment associated with the cubic grid employed
in the calculation. For matter terms this is a reasonable truncation for
the calculations presented here, since only a negligible amount of matter
appears beyond the surface of the neutron stars. However, the KijK

ij
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terms in Eqs. (7.15) and (7.22) contribute beyond the matter boundary.
Also, the shift vector elliptic equations, (7.28) and (7.29), involve a source
which extends beyond the source boundary.

Regarding the KijK
ij terms we note that these terms are small. For

example, the contribution to the gravitational mass from an integration
over the interior source function is only 0.0001 M�. Furthermore, the
asymptotic form for KijK

ij should decay as 1/r6. Assuming this form, we
estimate that the exterior contribution from the KijK

ij term is 10−5 M�
and can therefore usually be neglected for quasi-static neutron star orbits.

Regarding the solution for the shift vector (Eqs. (7.28) and (7.29)), we
note that ∇·β is small and changes sign across the grid. This means that
the variable χ goes asymptotically to zero. Hence, we impose χ = 0 along
the boundary for Eq. (7.28). A solution for Bi requires that we specify the
boundary condition for the “drag” component Gi. For this we note that
Gi behaves as an angular momentum density and should scale along the
boundary as

Gx = −4yJ
r3

, Gy =
4xJ
r3

. (7.68)

7.5 Orbit calculations

It is a nontrivial endeavor to find initial configurations for the two neu-
tron stars prior to coalescence. Our method consists of placing two neu-
tron stars on the grid with a rotational velocity sufficient to keep them
in orbit and an initial “guess” density profile from a solution to the
Tolman–Oppenheimer–Volkoff like equation for two single neutron stars
in isotropic coordinates. The conversion from single star solution to a
binary solution is achieved by allowing the stars to relax to an equilib-
rium configuration on the grid. That is, the field equations are solved and
the hydrodynamics evolved (without the radiation reaction potential and
with viscous damping of the fluid motion) until equilibrium is achieved.
For the examples to be presented below, we follow the time evolution of
the system with constant angular momentum until it has settled down.
As the stars settle down the damping is slowly removed.

7.6 Results

The method described in this chapter is best suited for describing the or-
bits of neutron stars near, but not during, their final orbits. As examples,
we highlight here several illustrative calculations made at selected values
of the orbital angular momentum with no radiation damping of the orbits.
More details of these calculations can be found in [40, 75, 76].
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Fig. 7.2. Contours of constant density and lapse function α for an equal
mass neutron star binary.

In these calculations the neutron stars are taken to be of equal mass.
The baryonic mass was selected so that in isolation each star has a grav-
itational mass of 1.39 and 1.44 M�. Although the calculations presented
here ignore radiation damping, during most of the evolution the radia-
tion damping is small. Therefore, the stars should follow a sequence of
quasi-equilibrium configurations which closely match the equilibria com-
puted here. These equilibria can be analyzed to obtain the rate of energy
and momentum loss. Ultimately, the implied orbit decay could be used
to infer the approximate time evolution through this sequence of quasi-
equilibrium orbits. Figure 7.2 illustrates the density profile and metric
coefficient α for 1.4 M� equal mass stars in a binary orbit.

In practice, the stars are placed at various separation distances on the
grid and the calculation run long enough to find the stable orbit in the
absence of gravitational radiation. Stars are typically followed through
more than 20 revolutions to insure that the orbits have had time to settle
down. We typically utilized a grid of 100×25×25 zones for the matter and
100×50×50 for the field variables. We make use of reflection symmetry in
the orbital plane. Also, since here we study equal mass binaries, we exploit
reflection inversion symmetry through the axis joining the centers of the
two stars. In effect, then, this calculation is equivalent to a three-space
grid of 106 zones.

Consider first the somewhat soft equation of state with a critical mass
of mc = 1.575 and stars with a baryon mass of 1.548 M� corresponding to
MG = 1.39 M� and ρc = 1.34×1015 g cm−3 in isolation. These parameters
roughly correspond to one of the simulations in Table 2 of [39]. Results
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Table 7.1 Summary of orbit parameters for two equal mass neutron stars each
with mB = 1.548 M� (mG = 1.39 M� in isolation); calculations employ a realistic
equation of state [40]

J (1011 cm2) ω (rad s−1) dp (km) ρc (1015 g cm−3) U2

∞ 0.0 ∞ 1.34 0.0
3.0 1025 72.0 1.37 0.0080
2.8 1190 65.6 1.375 0.0085
2.6 1460 56.2 1.38 0.0097
2.4 1660 51.4 1.40 0.0115
2.2 2110 43.8 1.43 0.0145
2.1 2425 42.0 1.44 0.0165
2.0 2530 41.2 1.45 0.0185
1.9 2750 39.0 1.455 0.020
1.8 3000 35.0 1.46 0.023
1.7 3450 34.0 1.47 0.0245
1.65 4200 29.2 1.50 0.0335
1.6 (inspiral)

Table 7.2 Summary of orbit parameters for two equal mass neutron stars each
with mB = 1.61 M� (mG = 1.44 M� in isolation); calculations employ a realistic
equation of state [40]

J (1011 cm2) ω (rad s−1) dp (km) ρc (1015 g cm−3) U2

∞ 0.0 ∞ 1.38 0.0
3.0 1710 56.4 1.51 0.013
2.6 1800 52.0 1.55 0.015
2.4 2100 47.2 1.57 0.018
2.2 2400 44.2 1.60 0.020
2.0 3000 37.2 1.64 0.030
1.9 3600 29.8 1.72 0.040
1.85 (collapsing) 4500 23.6 4.05 0.070

of this calculation are summarized in Table 7.1 from [40]. These stars are
stable until orbit inspiral.

We did find, however, that collapse could occur prior to inspiral if
the stars were increased in mass from mG = 1.39 to mG = 1.44 M�
(mB = 1.61 M�) for this simulation. The results from this run are given
in Table 7.2. Collapse of the stars was observed to occur for very close
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orbits (J = 1.85×1011 cm2) just before inspiral. The coordinate separation
between stars was only 2.4 times the coordinate radii. At J = 1.8 × 1011

cm2 the orbit still appeared stable though the stars started to collapse. In
another calculation we used a softer equation of state for which mc = 1.54
M� and mG = 1.40, mB = 1.54 M�. For this case, collapse occurred with
J = 2.0 × 1011 cm2.

Thus, collapse prior to inspiral may still be a possibility albeit for stars
close to the maximum mass of a soft equation of state and for very close
orbits. Such a soft equation of state is a reasonable possibility. For exam-
ple, collapse would always occur prior to inspiral for typical mass neutron
stars modeled with the equation of state of Bethe and Brown [9].

Another quantity of interest is the specific angular momentum J/M2
G

as the stars approach the final orbits. J/M2
G = 1.03 for the last computed

stable orbit of the sequence in Table 7.1. For J/M2
G = 0.99 the orbit is

unstable. Thus, we expect that when the stars begin to inspiral, the spe-
cific angular momentum is very near unity, J/M2

G ≈ 1.00, and will become
≤ 1 as the orbit plunges. Hence, the stars can immediately spiral inward
to form a Kerr black hole near maximum rotation. This has important
implications for the emergent gravity wave signal from the subsequent
ringing.

7.6.1 Analysis

One would like to have at least a qualitative understanding of why stars
in a binary system increase their central density. After all, one expects
from the equivalence principle that the neutron stars should be in free fall,
and therefore only subject to tidal forces which should stabilize the stars
[14, 25, 32, 70, 77]. Here we present a heuristic explanation of the observed
increase in density as the stars approach each other. We trace this increase
to the effects of the velocity factor U2 = W 2 − 1. This factor accounts for
the specific kinetic energy of the orbital motion of the stars. Its effect is
only manifest when a global uniform four-velocity across the star cannot
be identified, and when the stars are accelerating with respect to the
gradient of a background metric. It is not a simple tidal force. It depends
upon the motion of the stars. Its effect is to increase the effective source
strength.

From Eq. (7.10) the Hamiltonian density ρH has a term U2(ρ + ρεΓ)
which enters into the source term ρ1 for the conformal factor φ. Similarly,
the source for the Poisson equation for (αφ) (cf. Eq. (7.22)) has a term
3U2(ρ+ρεΓ). Thus, the source terms for both φ and α will increase as the
separation distance decreases and U2 increases. A stronger source term
will imply larger values for φ and smaller values for α at the centers of
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the stars, and therefore larger gravitational force terms ∂φ/xi and ∂α/xi

between the centers and surfaces of the stars.
In isotropic coordinates, the general relativistic condition of hydrostatic

equilibrium for each star can be inferred from the dominant terms in the
momentum equation (Eq. (7.42))

∂P

∂xi
≈ −(ρ + ρεΓ)

(
∂ logα
∂xi

+
[
∂ logα
∂xi

− 2
∂ log φ
∂xi

]
U2

)
, (7.69)

where we have ignored the centrifugal term, Sj(∂βj/∂xi). From this we
see that the effective gravitational force (right-hand side of Eq. (7.69))
increases both because U2 is nonzero and because the gradients of α and φ
are more steep as U2 increases. Note that in a coordinate system in which
a killing vector can be imposed such that V i vanishes over the star (e.g.
rigid corotation [8, 36] or uniform motion [41]), this extra term vanishes. In
the case of rigid irrotation, however, there appears to be a slight residual
effect [12, 13, 37, 71] as it does in the case of a free fall head-on collision
(cf. Chapter 6). Also note that a further increase of binding arises from
the KijKij terms in the field sources, but these terms are much smaller
than the U2 contributions.

From the equations for α and φ one can see that φ2 ≈ 1/α, and
Eq. (7.69) can be rewritten,

∂P

∂xi
≈ −(ρ + ρεΓ)

[
∂ logα
∂xi

(1 + 2U2)
]
. (7.70)

Thus, the effective gravitational source tems for the φ equation (7.16)
have additional factors of order U2.

Consider the innermost orbit for which U2 = 0.07 from Table 7.2. In
this example, these factors are estimated to augment the source for φ by
7% and the source for α by ∼ 14%.

In the simulations described above, the released binding energy was
deposited as increased internal energy (Fermi and thermal). Any thermal
energy, however, was assumed to be efficiently radiated away so that the
stars remained cold. However, it is not necessarily true that the input
energy goes into thermal energy nor that it is efficiently radiated away.
If, for example, this energy were not dissipated, the stars could simply
oscillate about equilibrium rather than collapse. We argue, however, that
it seems most likely that such oscillations would be quickly damped rel-
ative to the time scale for inspiraling. Initially, the radial changes will
be quite small, and the coupling of radial motion to thermal excitation
could occur, for example, via star quakes in analogy with observed pulsar
glitches. As the rate of energy release becomes more rapid and the crust
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melts, we speculate that the coupling of radial modes with the orbital
motion, nonradial fluid motion, and tidal forces will lead to a complex
excitation of higher modes and shocks which could further heat the star.
Also, the coupling of radial modes with the magnetic field could damp
the oscillations. As the stars become hot enough, T ∼ 1 MeV, neutrino
viscosity could also serve to damp the radial motion.

As these dissipative processes come into play it seems plausible that
significant thermal energy could be deposited in the stars. If the thermal
energy is efficiently radiated away, then the stars will remain near zero
temperature and the previous calculations are valid. However, it is also
possible that the energy may not be radiated away as rapidly as it is
released, in which case the damping will be converted into both increased
Fermi energy and thermal energy. An upper limit to the temperature of
the star would be derived by assuming no radiative cooling during the
compression. In [39] we estimated the possible heating and radiation of
the stars as they adjust to the changing orbit U2 factor and tidal forces.

To estimate the amount of heating that would occur during the com-
pression of the stars, a spherical hydrodynamics code was written [39]
with the gravitational acceleration term rewritten as

∂ lnα

∂r
→ ∂ lnα

∂r
(1 + 2U2). (7.71)

Calculations were made for a sequence of U2 values and the thermal
energy induced was evaluated. For the spherical calculation done with
a cold equation of state, the central density was found to be close to
the three-dimensional calculations for the same value of U2. Heating was
studied by imposing an energy conserving damping term in the equations
of motion. This damping relaxes the stars to their new equilibrium. The
damped kinetic energy was added as internal energy. By integrating the
rate at which kinetic energy is damped into Fermi and thermal energy, and
estimating the rate at which this energy could be subsequently radiated
away, a measure of the heating of the star could be obtained.

The results of those calculations depend upon the equation of state and
stellar mass. However, the amount of released gravitational energy ERel

can roughly be fit by the equation

ERel ≈ 300U4 × 1053 erg/binary. (7.72)

An estimate of the rate of increase of the orbital four-velocity can
be obtained [39] from the gravitational radiation time-scale. Then from
this relation between released binding energy and increasing four-velocity
[39, 40], the thermal energy deposition rate into the stars can be deduced
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in approximate analytic form [39],

Ėth =
(32/5)(Mf)5/3fE0

th

[1 − (64/5)(Mf)5/3ft]3/2
, (7.73)

where f is the orbital angular frequency and E0
th is the total thermal

energy deposited into the stars.
In [59] simulations were made of a hydrodynamic pair plasma formed

by the emergent neutrinos from neutron stars heated in this way. A range
of initial energy deposited in pair plasma, E0

plasma = 1051, 1052, 1053 erg,
was considered. At the time a typical neutron star binary system is near
the last stable obit, the orbital frequency is approximately a few×103 s−1.
Hence, by Eq. (7.73), the energy deposition rate would be

Ėth ≈ 102 × E0
th erg s−1. (7.74)

Thus, for E0
th = 2 × 1052 erg, Ėth ≈ 2 × 1054 erg s−1.

This much heating could lead to copious neutrino emission and may
provide a framework in which to produce γ-ray or X-ray bursts. In [59]
it was found that this mechanism might account for observed properties
of short duration γ-ray bursts, especially if one takes into account [58]
the increased efficiency for neutrino annihilation into pair plasma in the
region between the stars, and the enhancement of neutrino annihilation
due to relativistic effects [57].

7.7 Solving the Einstein equation in three dimensions

We conclude this chapter with a summary of a promising method for
the ultimate solution of the full Einstein equations with relativistic hy-
drodynamics. This so-called BSSN method originally due to Shibata and
Nakamura and then Baumgarte and Shapiro is a currently popular alter-
native to the straightforward integration of the ADM equations for γij
and Kij . The basic idea is to evolve separately a conformal factor and
the trace of the extrinsic curvature. Details of the implementation of this
method can be found in [7, 63]. Although the authors of this book have
not utilized this method, it seems fitting to mention it here as at least an
indication of how to approach a solution to the full field equations.

In this approach, one begins by writing a conformal metric,

γ̃ij = e−4φγij . (7.75)

One can then choose

e4φ = γ1/3 ≡ det(γij)1/3. (7.76)
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With this choice, the determinant of γ̃ij is unity. One also writes the
trace-free part of the extrinsic curvature Kij as

Aij = Kij − 1
3
γijK, (7.77)

where in this case, K = γijKij . One also introduces,

Ãij = e−4φAij , (7.78)

where one can raise and lower indices of Ãij with the conformal metric
γ̃ij , i.e. Ãij = e4φAij .

Now, taking the trace of the evolution equations for γ̇ij and K̇ij , with
respect to the physical metric γij , one has

d

dt
φ = −1

6
αK (7.79)

and

d

dt
K = −γijDjDiα + α(ÃijÃ

ij +
1
3
K2) +

1
2
α(ρ + S), (7.80)

where the Hamiltonian constraint has been utilized to eliminate the Ricci
scalar from this equation. The trace-free parts of the two evolution equa-
tions become

d

dt
γ̃ij = −2αÃij (7.81)

and

d

dt
Ãij = e−4φ

(
−(DiDjα)TF + α(RTF

ij − STF
ij )

)
+α(KÃij − 2ÃilÃ

l
j), (7.82)

where the superscript TF denotes the trace-free part, e.g. RTF
ij = Rij −

γijR/3.
Next, we write the Ricci tensor Rij as

Rij = R̃ij + Rφ
ij , (7.83)

where Rφ
ij is

Rφ
ij = −2D̃iD̃jφ− 2γ̃ijD̃lD̃lφ

+ 4(D̃iφ)(D̃jφ) − 4γ̃ij(D̃lφ)(D̃lφ), (7.84)
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and D̃i is the derivative operator associated with γ̃ij . Then, the Ricci ten-
sor is made into an elliptic form by introducing the “conformal connection
functions”

Γ̃i ≡ γ̃jkΓ̃i
jk = −γ̃ij,j , (7.85)

where the Γ̃i
jk are the connection coefficients associated with γ̃ij . The

Ricci tensor then becomes

R̃ij = −1
2
γ̃lmγ̃ij,lm + γ̃k(i∂j)Γ̃

k + Γ̃kΓ̃(ij)k + γ̃lm
(
2Γ̃k

l(iΓ̃j)km + Γ̃k
imΓ̃klj

)
.

(7.86)

For appropriately chosen coordinates (e.g. βi = 0), the problem is reduced
in this way to a set of coupled nonlinear, inhomogeneous wave equations
for the conformal metric γ̃ij . In these coupled equations then, the gauge
terms K and Γ̃i, the conformal factor exp(φ), and the matter terms Mij

appear as sources.
Finally, an equation for the evolution of Γ̃i can be obtained,

∂

∂t
Γ̃i = − ∂

∂xj

(
2αÃij − 2γ̃m(jβi)

,m +
2
3
γ̃ijβl

,l + βlγ̃ij,l

)
. (7.87)

One also utilizes the momentum constraint to eliminate the divergence of
Ãij . This gives

∂

∂t
Γ̃i = −2Ãijα,j + 2α

(
Γ̃i
jkÃ

kj − 2
3
γ̃ijK,j − γ̃ijSj + 6Ãijφ,j

)

+
∂

∂xj

(
βlγ̃ij,l − 2γ̃m(jβi)

,m +
2
3
γ̃ijβl

,l

)
. (7.88)

In this way one has reduced the problem to a set of variables, φ, K, γ̃ij ,
Ãij and Γ̃i (not all of which are independent) which can be evolved for
the field. These can be related to their ADM counterparts for the solution
of the hydrodynamics as described in previous chapters (see [62] for an
application of this method).
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magnetohydrodynamics, 167–170
metric tensor gµν , 5, 11, 76

axisymmetric, 18, 170, 177
Bardeen and Wagoner, 170
conformally flat, 16, 182
Kerr, 165–166
May and White, 17, 120–123
in planar cosmology, 100
in spherical symmetry, 120–123

momentum constraint, 14, 102, 178,
188

momentum density, 25, 77, 113
momentum equation, 26, 27, 29, 46,

77, 79

Navier–Stokes equations, 27–28, 64
neutrinos, 126–141

annihilation, 129, 138–139
neutrino beam calculation, 129

angular distribution, 129–131
neutrino scattering 132–141

electron–neutrino, 135–138
neutrino–nucleus, 140–141

opacity, 132–141
Noh problem, 58–60
notation convention, 2, 3
nuclear statistical equilibrium,

142–143
nucleosynthesis

big bang, 105–107
nuclear reactions, 105, 142–143
r-process, 161–162
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operator splitting, 35–36, 80, 131
advection, 44, 84–86
artificial viscosity, 37–41

density advection, 44–46, 85
energy advection, 46, 85
metric acceleration, 86
momentum advection, 46–47, 81,

85
PdV , 42–43, 86–87
pressure acceleration, 44, 82–83
proper volume, 80–81
time step, 36–37, 96–98, 124–125
velocity calculation, 40, 87–90

four-velocity, 12, 24, 39
three-velocity, 12, 39

remap, 30, 125–126
Riemann curvature tensor, 3, 5
Riemann shock capturing methods,

29–31
Riemann shock tube, 55–57

relativistic shock tube, 57
rotating stars, 170–176
r-process, 161–162

shear viscosity coefficient, 27

shift vector βi, 9–12, 179, 188
sound speed, 36, 96
spacetime centering, 32–33, 83–84
special relativity, 23–24

Lorentz factor, 12, 24
metric ηµν , 24

supernovae, 117–162
collapse mechanism, 117–120

core bounce, 117
neutrinos in, 119–120, 126–158

r-process, 161–162
20 M� model, 158–162

test problems, 48–61, 105
thermonuclear burning, 142–143
three-metric γij , 11
time step, 36–37, 96–98,

124–125

viscosity, 27–28

wall shock, 49–53
accelerating, 50–52
relativistic, 49–52
spherical, 59
stopping 52–53
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